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Abstract. Network coding (NC) has been proposed as a way to compress ﬂows of packets by combining diﬀerent packets, provided that there
is suﬃcient redundancy through multiple transmission paths so that the
receiving nodes can then decode the ﬂows to reconstruct all of the individual packets. However NC does introduce additional computational
overhead, and also creates diﬀerent additional delays which are the subject of this paper. In particular, we evaluate the queueing and delay
performance of NC at intermediate nodes of a store and forward packet
network when the cross-encoding of packets is restricted within disjoint
subsets of the traﬃc streams so that packets from diﬀerent subsets cannot be encoded together. We propose a round robin scheduling scheme
for serving these disjoint subsets, and present a queueing model for a
single encoding node that captures the eﬀect of NC. The model is analyzed approximately using a decoupling approach, and can be used to
predict the additional delays incurred by packets in nodes that use NC.
The accuracy of the analytical solution is validated via simulations.
Keywords: Network coding, performance evaluation, vacation models.

1

Introduction

Network coding (NC) [1] allows the cross encoding of packets at intermediate
nodes before forwarding them towards their destination, and can oﬀer greater
communications eﬃciency and better usage of overall network bandwidth, at the
cost of more processing and additional delays.
In [2], we analyzed the delay performance of NC at intermediate nodes of a
store and forward network when the nodes encode together all traﬃc streams
that pass through them. Our analysis showed that NC can improve overall
performance signiﬁcantly provided that it is used opportunistically. In this paper, we extend the previous analysis to a more general setting where encoding
nodes perform NC within disjoint subsets of the packet streams so that packets
from diﬀerent subsets are not allowed to be mixed. This constraint arises when
some source-destination pairs cannot use a suﬃcient number of redundant paths
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for decoding purposes. To see this, consider the directed network depicted in
Fig. 1(a), which has three independent unicast information ﬂows a, b and c between the source destination pairs (si , ti ). Without NC, the three ﬂows must
share the link u1 → u2 which becomes a bottleneck, while some of the links in
the network will not be utilized. However, combining the three ﬂows together at
node u1 will leave non of the receivers able to recover its desired information.
We propose a scheduling scheme which can alleviate this problem. In particular,
node u1 can alternate between transmitting the coded ﬂow a ⊕ b and the uncoded ﬂow c along the bottleneck link to node u2 , which then forwards the coded
ﬂow to both ta and tb and the uncoded ﬂow to tc . Receivers ta and tb can then
reconstruct the original ﬂows from {b, a ⊕ b} and {a, a ⊕ b}, respectively. Thus,
combining NC and scheduling in this scenario can reduce traﬃc rate on the
bottleneck link while distributing traﬃc on a larger number of paths. The equivalent queueing model representation of the encoding node u1 with the proposed
coding scheme is presented in Fig. 1(b).
The rest of this paper is organized as follows. In section 2, the queueing model
for a single encoding node is presented along with the approximation technique.
In section 3, the accuracy of the proposed analysis is validated by comparison
with simulation results, and the proposed scheme’s performance is compared to
the performance of a peer non-coding technique. Conclusions are summarized in
section 4.

Fig. 1. (a) A directed network with three unicast sessions (si , ti ). (b) equivalent queueing model representation of the encoding node u1 with the proposed coding scheme.

2

System Model

Consider a node receiving F distinct independent ﬂows of packets, each assumed
to be Poisson of arrival rate λi for the ith ﬂow, which queue up in distinct buﬀers
of inﬁnite capacity. Assume that packet lengths in each stream are independent
random variables, and that they are mutually independent between ﬂows, with
general distribution S(x) = P rob[S ≤ x], where S is the random variable representing packet length. Assume also that the node transmission time is directly
proportional to packet length with a constant of proportionality of 1. When the
server encodes n packets of diﬀerent lengths, it packs the shorter packets with
zero-bits to reach the length of the longest packet, and encodes the resulting
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packet bit by bit so that its length will be equal to the largest of the n packet
lengths. The transmission time of a packet is then assumed to be proportional
to the length of the largest packet.
We divide the input ﬂows {1, . . . , F } into J disjoint subsets which we denote
as coding classes, and let Cj be the ﬂows in class-j. We set the restriction that
only those packets within the same class will be encoded together while packets
of diﬀerent classes will not be mixed. We assume that the server cycles the coding
classes in a round robin manner and that it switches from one class to another
instantaneously, i.e. we assume zero switchover time. When the server visits a
coding class, it removes the head-of-the-line packets from non-empty queues in
the class, forms a single coded packet and transmits the resulting packet on
the output link. When the server arrives at a coding class and ﬁnds that all its
queues are empty, it immediately switches to the next class.
We will analyze the performance of the system approximately by assuming
that the complex model can be decomposed into F separate queues where each
queue is treated as a server of the walking type [3,4]. In this single-server model,
each time the queue is non-empty the server serves one customer (packet) for a
service time S then becomes idle for a period T after which it examines the queue
again. If it ﬁnds that the queue is empty then it takes oﬀ for a vacation time V
after which it returns once again to examine the queue. Let U be the waiting
time in a simple queueing system without vacations and with the same arrival
process as the system considered, but with a modiﬁed service time Y = S + T .
Then the following equality holds in distribution [3]:
W = U + V̂

(1)

where V̂ denotes the forward recurrence time of the vacation period V which
has a distribution:
 x
1
[1 − V (y)] dy
(2)
V̂ (x) =
E[V ] 0
Thus the result summarized in (1) allows us to map all properties of interest
of a queue with vacations in steady state to those of a system without vacations
using the probability distribution of the vacation time V . Note also that (1) holds
as long as the arrivals of customers to the queue constitute a renewal process,
i.e. inter-arrival times are independent and identically distributed (iid) random
variables [3].
We will study a queue, say the ith, in isolation from the others and consider that the queues interact with each other via the steady-state probabilities.
Denote by Cni the coding class to which the ith queue belongs, and deﬁne
Cni (i) = {x ∈ Cni |x = i}. If the ith queue is not empty when Cni is scheduled,
then the subsequent service time Si will be obtained from the maximum of the
service times for the set of non-empty queues in the class including the ith queue.
The server then moves to the next coding class and oﬀers service in a similar
manner. The vacation period Ti thus corresponds to the time interval from the
server’s departure from Cni until its next visit, which consists of the sum of
service times at the other coding classes. Note that these service times can also
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be of zero duration if all other coding classes are empty. If, however, the server
ﬁnds queue i empty upon scheduling Cni , then a sequence of service times Vi involving the other queues in the same class Ŝi and the other coding classes Ti will
take place, some of these services possibly being of zero duration if all the other
queues are empty. We will assume that the vacation periods Vi and Ti are iid
random variables. The decoupling approximation we propose is as follows. Let
qi be the probability that in steady state the ith server does not participate in
encoding a packet when the corresponding coding class is scheduled for service.
Let Zj be the set of all subsets of Cj , including Cj and the empty set. We will
assume that the steady-state probability
thatany subset Z ∈ Zj is busy when

visited by the server is given by k∈Z [1 − qk ] k∈Z
/ qk . With these assumptions,
the solution of the system can be summarized in the following steps:
Step 1. Assuming that the quantities qi are known, ﬁnd the distribution of the
service and vacation times for each queue i as a function of qk , ∀k = i:

Si (x) = S(x)



|Z|

S(x)



Yi = Si + Ti

[1 − qk ]
qk

k∈Z

Z∈Zni (i)



S(x)|Z|

Z∈Zj

Ŝi (x) =


Z∈Zni (i)



J


S(x)



TCj

(3c)

j=1,j=ni

[1 − qk ]



qk

(3d)

Vi = Ŝi + Ti

[1 − qk ]
qk

(3e)

k∈Z

|Z|

(3b)

k∈Z
/

Ti =
TCj (x) =

(3a)

k∈Z
/

k∈Z

(3f)

k∈Z
/

where |Z| denotes the number of elements in set Z.
Step 2. For each subsystem i, determine the steady state probability qi approximately using one of the following expressions:
– The probability of the equivalent ith server being empty when it returns
from a vacation period [4]:
q̂i =

1 − λi E[Yi ]
1 + λi (E[Vi ] − E[Yi ])

(4a)

– The probability of the ith queue being empty or that it is busy but the
equivalent server is idle due to a vacation time:
q̂i = max{0, 1 − λi E[Yi ]}
Step 3. Solve the system of non-linear equations q̂i = qi , for i = 1, . . . , F .

(4b)
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Now applying standard results for an M/G/1 queueing system and utilizing
the decomposition property (1), we can write the mean waiting time in the ith
queue as:
λi E[Yi2 ]
+ E[V̂i ]
(5)
E[Wi ] =
2(1 − λi E[Yi ])
The mean response time is then E[Ri ] = E[Wi ] + E[Si ].
The output rate from the encoding node (throughput) can also be obtained
approximately as:
γ=

|Cj |
J 

 
j=1 n=1 Z⊆Cj k∈Z
|Z|=n

[1−qk ]


k∈Z
/



qk E[Ti ]1i∈Cj +

∞

n−1

x nS(x)

−1
dS(x)
(6)

0

where 1x is the characteristic function which takes the value 1 if x is true and 0
otherwise.

3

Numerical Results

In this section we present numerical results which validate the accuracy of the
mathematical model, and we compare the performance of the proposed scheme
against a peer non-coding approach. The latter uses a technique known as store
and forward in which packets received from diﬀerent incoming links are stored in
a single queue and served in a FIFO order. This can be modelled as the classical
M/G/1 queueing system. For fair comparison of the two schemes, we provide
the same total incoming traﬃc rate and packet length distribution.
In Fig. 2 we present results for the mean response time and bandwidth eﬃciency for the encoding node in Fig. 1(a). We assume that packet lengths are

Fig. 2. (a) Mean response time and (b) bandwidth savings, for the encoding node u1
in Fig. 1. The parameters are: F = 3, J = 2, C1 = {a, b}, C2 = {c}, arrival rates vector
λ = λ[1.5 1.5 1] and exponential packet lengths with mean 1.
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exponentially distributed and we vary the load on each queue from very light
until a value that saturates the system. The ﬁgure indicates that the analytical results are in excellent agreement with those obtained from simulation. The
model, however, tends to produce less accurate results when the queues are heavily loaded. This is because the queues are highly coupled in this instance, while
the approximation is based on independence assumptions.
The mean response time results clearly demonstrate that the coding scheme
outperforms the store and forward method, particularly when the node is heavily
loaded. Moreover, since no packet loss is incurred, it follows that the scheme can
deliver more packets per time unit, which translates to higher network throughput provided that destinations can reconstruct the original ﬂows in a timely manner. Fig. 2(b) shows the percentage of saved bandwidth resulting from NC when

the traﬃc rates do not saturate the store and forward node, i.e. i λi E[S] < 1.
The ﬁgure indicates that coding can reduce bandwidth utilization by up to 25%
when the node is heavily loaded. Note that bandwidth reductions of 37.5% could
have been achieved if the ﬂows were fully synchronized. In general, the bandwidth savings are more pronounced when the traﬃc rates within each coding
class are balanced, since more coding opportunities arise in such instances.

4

Conclusions

In this paper, a round robin scheduling scheme based on NC has been proposed
and analyzed approximately. The analysis was carried out using a decoupling
approach, which was validated by simulation. The obtained results showed that
the scheme outperforms the traditional store and forward technique, particularly
when the system is heavily loaded. In future work, we will consider scheduling
policies which aim at maximizing the throughput of the system, by employing
priority levels, while maintaining acceptable QoS for the diﬀerent ﬂows. The
analytical model, which seems to provide adequate delay approximation, will
also be used to design eﬃcient network algorithms such as routing and ﬂow
control under NC.
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