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Abstract—This paper introduces techniques for Deep Learning in conjunction with spiked random neural networks that
closely resemble the stochastic behaviour of biological neurons
in mammalian brains. The paper introduces clusters of such
random neural networks and obtains the characteristics of their
collective behaviour. Combining this model with previous work on
extreme learning machines, we develop multilayer architectures
which structure Deep Learning Architectures a a “front end”
of one or two layers of random neural networks, followed by
an extreme learning machine. The approach is evaluated on a
standard – and large – visual character recognition database,
showing that the proposed approach can attain and exceed the
performance of techniques that were previously reported in the
literature.

I. I NTRODUCTION
In recent years, deep learning with regular and tightlycoupled arrays of sigmoidal neurons has come to the forefront as a possible way to overcome the limitations of neural
networks when they are applied to real-world challenges [1],
[2]., while many engineering applications require significant
advances in learning from big data [3], [4], [5], [6].
Tightly coupled clusters of natural neuronal cells communicate with each other in multiple ways, both through spiking
[7], via soma-type interactions with other cells [8], through
neuromodulators [9], and with the help of important structures
such as glial cells [10] which are known to exercise complex
functions in the hippocampus and cerebellum that contribute
to synaptic transmission and modulate synaptic function. This
complexity of natural neural information processing and learning [11] goes well beyond the models traditionally exploited
in machine learning [12], and goes significantly beyond the
capabilities of sigmoid-based neural models.
The Random Neural Network (RNN) [13] is a spiking
“integrate and fire” model where an arbitrarily large set of
cells interact with each other via excitatory and inhibitory
spikes which modify each cell’s action potential in continuous
time, and mathematically described by a system of differential
equations known as the Chapman-Kolmogorov equations [14].
It was originally developed to mimic the behaviour of biological neurons [15]. However subsequently it was exploited
for numerous applications that exploit the recurrent structure
of the network and of its learning algorithm [16], including
combinatorial optimisation [17], several examples of image
and video processing [18], [19], [20], [21], [22], [23], and
routing [24], [25], [26] in cyber-physical systems and computer networks. All these applications exploit the recurrent
structure of the network.

The computational power of the RNN originates in the fact
that in steady-state the network is characterised by the joint
probability distribution of the activation state of each cell,
which is equal to the product of the marginal probabilities of
the activation states. This property, known as “product form”
in the probability literature [14] makes the RNN particularly
amenable to exact yet simple, fast (and easily parallisable)
computational algorithms.
II. T HE M ATHEMATICAL M ODEL
We consider the Random Neural Network Model developed
in [27], [28], composed of M neurons or cells, each of which
receives excitatory (positive) and inhibitory (negative) spike
trains from external sources which may be sensory sources or
cells. These arrivals occur according to independent Poisson
−
processes of rates λ+
m for the excitatory spike train, and λm for
the inhibitory spike train, respectively, to cell m ∈ {1, .. , M }.
In this model, ach neuron is represented at time t ≥ 0
by its internal state km (t) which is a non-negative integer. If
km (t) > 0, then the arrival of a negative spike to neuron m
at time t results in the reduction of the internal state by one
unit: km (t+ ) = km (t) − 1. The arrival of a negative spike to a
cell has no effect if km (t) = 0. On the other hand, the arrival
of an excitatory spike always increases the neuron’s internal
state by +1.
If km (t) > 0, then the neuron m is said to be “excited”,
and it may “fire” a spike with probability rm ∆t in the interval
−1
may
[t, t + ∆t[, where rm > 0 is its “firing rate”, so that rm
be viewed as the average firing delay of the excited m − th
neuron.
Neurons in this model can interact in the following manner
at time t ≥ 0. If neuron i is excited, i.e. ki (t) > 0, then when
i fires its internal state drops by 1 and we have ki (t+ ) =
ki (t) − 1, and:
• It can either send a positive or excitatory spike to neuron
j with probability p+ (i, j) resulting in ki (t+ ) = ki (t)−1
and kj (t+ ) = kj (t) + 1,
• Or it may send a negative or inhibitory spike to neuron
j with probability p− (i, j) so that ki (t+ ) = ki (t) + 1
and kj (t+ ) = kj (t) − 1 if kj (t) > 0, else kj (t+ ) = 0 if
kj (t) = 0,
• Or neuron i can “trigger” neuron j with probability p(i, j)
so that ki (t+ ) = ki (t) − 1 and kj (t+ ) = kj (t) − 1 if
kj (t) > 0.
+
• When neuron i triggers neuron j, both ki (t ) = ki (t)−1
+
and kj (t ) = kj (t) − 1, and one of two things may

happen. Either:
– (A) With probability Q(j, m) we have km (t+ ) =
km (t) + 1 so that i and j together have incremented
the state of m. Thus we see that a trigger allows
two neurons i and j to increase the excitation level
of a third neuron m by +1, while i and j are both
depleted by −1.
– (B) Or with probability π(j, m) the trigger moves on
to the neuron m and then with probability Q(m, l)
the sequence (A) or (B) is repeated.
PM
−
+
• Note that
j=1 [p(i, j) + p (i, j) + p (i, j)] = 1 − di
where di is the probability that when the neuron i fires,
the corresponding spike
PM or trigger is lost or it leaves the
network. Also, 1 = m=1 [Q(j, m) + π(j, m)].
Since cells in different layers of mammalian brain also
communicate through simultaneous firing patterns of densely
packet somas, the RNN was extended in [29], [28] using a
branch of the theory of stochastic networks called G-Networks
[30]. In the sequel we will exploit this structure for deep
learning.
III. M ODELLING S OMA TO S OMA I NTERACTIONS
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where (7) is a second degree polynomial in q:
0

= q 2 p(n − 1)[λ− + qu wu− ] − q(n − 1)[r(1 − p) − λ+(8)
p]
+ n[λ+ − r − λ− − qu wu− ].

Hence it can be easily solved for its positive root(s) which are
less than one, which are the only ones of interest since q is a
probability.

B. A RNN with Multiple Clusters of a M(n) Architectures

Now let z(m) = (i1 , ... , il ) be any ordered sequence of
distinct numbers ij ∈ S; ij 6= m; obviously 1 ≤ l ≤ M −
1. Let us denote by qm = limtarrow∞ P rob[km (t) > 0] the
probability that the neuron m is excited. It is given by the
following expression [27], [30]:
qm =

+
−
For any i, j ∈ M(n) we have wi,j
= wi,j
= 0, but all
whenever one of the cells fires, it triggers the firing of the
other cells with p(i, j) = np and Q(i, j) = (1−p)
n . As a result,
we have:
P∞
λ+ + rq(n − 1) l=0 [ qp(n−1)
]l 1−p
n
n
q=
(6)
P
∞
r + λ− + qu wu− rq(n − 1) l=0 [ qp(n−1)
]l np
n

qij p(ij , ij+1 )p(ij+1 , m). (5)

j=1, ... ,l−1

In this section we build a Deep Learning Architecture
(DLA) based on multiple clusters, each of which is made up of
a M(n) cluster. This DLA is shown schematically in Figure
1. The DLA is composed of C clusters M(n) each with n
hidden neurons. For the c-th such cluster, c = 1, · · · , C,
the state of each of its identical cells is denoted by qc . In
addition, as shown in Figure 1, there are U input cells which
do not belong to these C clusters, and the state of the u-th
cell u = 1, · · · , U is denoted by q̄u .
Each hidden cell in the clusters c, with c ∈ {1, ... , C}
receives an inhibitory input from each of the U input cells.
Thus, for each cell in the c-th cluster, we have inhibitory
−
> 0 from the u-th input cell to each cell in the
weights wu,c
c-th cluster. Thus the u-th input cell will have a total inhibitory
“exit” weight, or total inhibitory firing rate ru− to all of the
clusters which is of value:
ru− = n

C
X

−
wu,c
.

(9)

c=1
+
In the sequel, to simplify the notations we will write wji
=
−
rr p+ (j, i) and wji = rr p− (j, i).

A. Clusters of Identical and Densely Connected Cells
Let us now consider the construction of special clusters
of densely interconnected cells. We first consider a special
network, call it M(n), that contains n identically connected
cells, each of which has firing rate r and external inhibitory
and excitatory arrivals of spikes denoted by λ− and λ+ ,
respectively. The state of each cell is denoted by q, and it
receives an inhibitory input from the state of some cell u which
does not belong to M(n). Thus for any cell i ∈ M (n) we have
−
an inhibitory weight wu− ≡ wu,i
> 0 from u to i.

Then, from (7) and (8), we have
rc qc (n−1)(1−pc )
λ+
c + n−qc pc (n−1)
qc =
PU
rc qc pc (n−1)
−
rc + λ−
c +
u=1 q̄u wu,c + n−qc pc (n−1)

(10)

yielding a second degree polynomial for each of the qc :
qc2 pc (n − 1)[λ−
c +
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X

−
q̄u wu,c
]
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weights from the input cells to the cells in each of the C
clusters as
−
W 1 = [wu,c
].
(16)
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Denoting by Q the C-vector of cells whose state is qc for
cluster c, and for an n-vector y denoting by:
ζ(y) = (ζ(y1 ), ... , ζ(yn )),

(17)

Q(1) = ζ(q̄ (1) W (1) ).

(18)

we have:

W

On the other hand, Network-2 is a pseudo-inverse of Network1, with C input cells and U clusters, and the C × U weight
matrix between its input cells and the cells of each of the
clusters will be denoted by W ( 2). we will then have:

qu

dot

dot

q̄ (2) = ζ(W (2) ζ(W (1) q̄ (1) ).

input

Fig. 1. Schematic representation of the Deep Learning network architecture

Its positive root is then:
−bc +

b2c

− 4ac dc
,
(13)
2ac
PU
−
bc = −(n −
where ac = pc (n − 1)[λ−
c +
u=1 q̄u wu,c ], P
U
+
+
−
1)[rc (1−pc )−λc pc ] and dc = n[λc −rc −λ−
−
c
u=1 q̄u wu,c ].
Let us now define the activation function of the cth cluster as:
qc =

Problem 1 The learning problem is then to adjust W (1) and
W (2) so that q̄ (2) becomes as close to q̄ (1) as possible. When
we have a set of data X which has the form of D rows of U vectors x ∈ [0, 1]U , the problem we address can be described
as:
||X − ζ(ζ(XW (1) )W (2) )||2 ,

min
p

ζc (x) =
q
+
−
−bc + b2c − 4pc (n − 1)[λ−
c + x]n[λc − rc − λc − x]]
2pc (n −

1)[λ−
c

+ x]

W (1) ,W (2)

s.t. W (1) , W (2) ≥ 0,
where the matrices W (1) and W (2) each have D blocks of
U × C and C × U (respectively) matrices, and the function
ζ(.) is understood to be extended to the matrix case.
V. A F IRST A PPROACH
We may generalise the approach developed by Liu [31] to
solve Problem 1. To this effect, let us define a cost function
L(W (1) , W (2) ) = ||X − ζ(ζ(XW (1) )W (2) )||2 .

where:
x=

U
X

−
wu,c
q̄u .

(14)

u=1

λ+
c

λ−
c

When all the parameters bc = b, pc = p, n,
= λ,
=λ
with c = 1, · · · , C are the same for all of the clusters, we will
have:
p
−b + b2 − 4p(n − 1)[λ− + x]n[λ+ − r − λ− − x]
x=
.
2p(n − 1)[λ− + x]
(15)
IV. A PPLICATION TO THE D ESIGN OF AN AUTO -E NCODER
In this section we will construct an auto-encoder based on
two instances of the network shown in Figure 1. For the
network shown, we shall call these two network instances
Network-1 and Network-2.
Network-1 has U input cells and C clusters (as shown in
the figure). On the other hand, Network-2 has C input cells
and U clusters. Suppose now that there is a dataset X that is
represented by a U -vector X ∈ [0, 1]U .
We first construct the Network-1 such that the U -vector of
input cells is: q̄ (1) , and we construct the U × C matrix of

(19)

(20)

First calculate:
b
∂ζ(x)
=
−
∂x
([λ + x])2
p
b2 − 4p(n − 1)[λ− + x]n[λ+ − r − λ− − x]
−
[λ− + x]2
+
−
−n[λ − r − λ − x] + n[λ− + x]
p
+
.
[λ− + x] b2 − 4p(n − 1)[λ− + x]n[λ+ − r − λ− − x]
η(x) =

We also define another element-wise operation η(H) ∈ RD×C
with H ∈ RD×C , where the element in the ith row and jth
column of η(H) is calculated by η(Hi,j ) with i = 1, · · · , D
and j = 1, · · · , C. Then we can derive
∂L
= −X T (η(XW (1) )
∂W (1)
∗(((X − ζ(ζ(XW (1) )W (2) ))
∗η(ζ(XW (1) )W (2) ))(W (2) )T )).
Note that, the operation ∗ is defined as an element-wise
multiplication operation. For example, if H = H (1) ∗ H (2) ,
then H ∈ RD×C , H1 ∈ RD×C and H2 ∈ RD×C . Besides,

Problem 2 Find W (1) such that
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the element in the ith row and jth column of H, which is
(1) (2)
Hi,j , is calculated by Hi,j = Hi,j Hi,j , where i = 1, · · · , D
and j = 1, · · · , C.
To make it clearer, let ϕ1 = η(XW (1) ), ϕ2 =
ζ(ζ(XW (1) )W (2) ), ϕ3 = η(ζ(XW (1) )W (2) ) and ϕ4 =
ζ(XW (1) ). Then,
∂L
= −X T (ϕ1 ∗ (((X − ϕ2 ) ∗ ϕ3 )(W (2) )T ))
∂W (1)
= −X T (ϕ1 ∗ ((X ∗ ϕ3 )(W (2) )T ))
+X T (ϕ1 ∗ ((ϕ2 ∗ ϕ3 )(W (2) )T )),
and

=

−ϕT4 (X

∗ ϕ3 ) +

ϕT4 (ϕ2

(21)
(22)

∗ ϕ3 ).

The updates rules for W (1) and W (2) then become
(1)

(1)

Wi,j = Wi,j

(X T (ϕ1 ∗ ((X ∗ ϕ3 )(W (2) )T )))i,j
(X T (ϕ1 ∗ ((ϕ2 ∗ ϕ3 )(W (2) )T )))i,j

(23)

and
(2)

(2)

Wi,j = Wi,j

(ϕT4 (X ∗ ϕ3 ))i,j
,
(ϕT4 (ϕ2 ∗ ϕ3 ))i,j

W (2) = pinv(ϕ4 )X,

(26)

pinv(x) = (xT x)−1 xT ,

(27)

where

Results of the autoencoder with only spiking models.

∂L
= −ϕT4 ((X − ϕ2 ) ∗ ϕ3 )
∂W (2)
= −ϕT4 (X ∗ ϕ3 − ϕ2 ∗ ϕ3 )

(25)

Thus specifically, we will use Network-1 for encoding, but we
use an idea from the “extreme learning machine (ELM)” [32]
for the decoding part of the probelm.
Generally, when we use an autoencoder for classification,
we connect only the encoding part to the classifier. Thus while
W (1) ≥ 0, we will remove the constraint that W (2) ≥ 0.
We will call this autoencoder the Random Neural Network
Extreme Learning Machine (RNN-ELM).
Adapting the idea in [32] we use the following operation to
determine W (2) :

25
5 10152025

10

5 10152025

min ||X − W (2) ζ(W (1) X)||2 , s.t. W (1) ≥ 0.

W (1)

(24)

where the symbol (H)i,j denotes the element in the ith row
and jth column of H.
To be more specific, in the right-hand side of (23) and
(24), we use the original values of W (1) and W (2) in the
lth iteration. Then, the left-had side of (23) and (24) would
be the updated values of W (1) and W (2) in the lth iteration.
VI. A N AUTOENCODER COMBINING THE RNN AND THE
EXTREME LEARNING MACHINE

Hoping for achieve better performance, we modify the
learning problem as follows:

which is the variant presented in [32].
Let us define W̄ (2) = max(W (2) , 0). Let ϕ5 =
ζ(XW (1) )W̄ (2) = ϕ4 W̄ (2) . Then, the update rule for W (1)
will be
(1)

(1)

Wi,j = Wi,j

(X T (ϕ1 ∗ (X(W̄ (2) )T )))i,j
,
(X T (ϕ1 ∗ (ϕ5 (W̄ (2) )T )))i,j

(28)

which guarantees that W (1) ≥ 0.
VII. T ESTING THE RNN-ELM
To test the RNN-ELM, we use the MNIST dataset of
handwritten digits [33] which contains 60, 000 images in
the training dataset and 10, 000 images in the test dataset,
we conduct numerical experiments on the autoencoder with
two different structures: one is a 784 → 50 structure with
50 intermediate or hidden units, while the second one is a
784 → 500 structure with 500 hidden units. In both cases
we exploit small clusters with n = 2. Exhaustive tests were
carried out as follows:
(1)
• We first randomly generated the elements of W
in the
range of [0, 1].
(2)
• Then, we used (26) to determine W
.
Examples of the results obtained with this approach are shown
in Figure 3.
In a second approach, we use (28) to update W (1) , and then
use (26) again to update W (2) . The results obtained are shown
in Figures 4 and 5.
It is evident that the results in the second approach Figures
4 and 5 are far better that those in Figure 3. This illustrates that
both (26) and (28) are important for adjusting the parameters
of the autoencoder.
VIII. S TACKING THE C LASSIFIERS
Following Tang’s work [34], we could stack multiautoencoders together and connect them to an ELM to construct a multi-layer classifier. First, let us consider a different
approach from the one in Section VI, using the advice from
[34] regarding the use the L − 1 norm to generate more sparse
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Fig. 3. Results of the autoencoder with structure 784-500 via only (26): up
for original figures and down for reconstructions.
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Fig. 5. Results of the autoencoder with structure 784-500 via both (26) and
(28): up for original figures and down for reconstructions.
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Fig. 4. Results of the autoencoder with structure 784-50 via both (26) and
(28): up for original figures and down for reconstructions.

and compact features. Then, the problem to be addressed can
be described as
min ||X − XW (1) W (2) ||2 + ||W (2) ||`1 ,

(29)

s.t. W (2) ≥ 0,

(30)

W (2)

(2)

showing that we only need to adjust W . I Indeed, based on
[32], [34], a randomly-generated W (1) could be sufficient to
obtain effective learning with reduced computational complexity. Note that the constraint of W (2) ≥ 0 is the characteristic
that allows us to use the W (2) in the RNN.
We can then use the fast iterative shrinkage-thresholding
algorithm (FISTA) in [35] to solve problem (29), with the
modification that we set the negative elements in the solution
to zero in each iteration.
Once (29) is solved, W (2) is obtained and let W̃ (1) = W (2) .
Then, we import W̃ (1) to the RNN with input X as input, and
T
output X (2) = ζ(X(W˜(1) . By using X (2) as the input to the
next autoencoder, we then seek the weights W̃ (2) for the next
layer of the multi-layer classifier. Note that the last layer of
the multi-layer classifier is an ELM with activation function

A. Test Results
Consider a multi-layer classifier with a structure denoted by
784 − 700 − 700 − 5000 − 10. This is a multi-level structure
where the weights between successive layers are denoted by
W̃ (i) with i = 1, · · · , 4.
The details of this structure are given by the nature of the
layers themselves, and the interconnections of each of the
successive feedforward layers. The RNN layers use instead of
single nodes, new spiking clusters that we have defined, where
we have used clusters of two cells, rather than singe cells. The
specific experiments we have run deal with architectures with
characteristics such as:
• The first two layers 784 → 700 and 700 → 700 are
RNNs where the W̃ (1) and W̃ (2) are determined by the
autoencoder.
(3)
• The third layer 700 → 5000 is also an RNN, where W̃
is et by a random generation of each entry in [0, 1].
• Finally, the last layer 5000 → 10 is an ELM.
With this architectural structure, but different numbers of
intermediate interconnected nodes as shown below, we have
run exhaustive and thorough tests using the MNIST dataset
[33] with 60, 000 images in the training dataset and 10,000
images in the testing dataset. The following results were
obtained:
• For the structure of 784 − 700 − 700 − 5000 − 10, we
obtained 96.25% accuracy with the test set.
• For the structure 784−500−500−8000−10, we achieved
95.79% testing accuracy.
• For the structure of 784 − 500 − 8000 − 10, we attained
98.64% testing accuracy.
In addition, we reverted to the pure RNN-ELM architecture
without the he autoencoder. The structure is of the form 784−
8000 − 10, and we observed 97.51% accuracy at testing.
IX. C ONCLUSIONS
This paper has developed a RNN-ELM deep learning architecture that combines spiking random neurla networks and

extreme learning machines. We have considered very large
networks with hundreds of cells in each layer, and have
exploited clustered neurons in the RNN layers.
Our main experimental results show that:
• On a standard and significant problem of visual character recognition on very large data sets, the RNN-ELM
provides better recognition performance than the extreme
learning machines on their own, reaching recognition
ratios that exceed 98.5%.
• In all cases, the best results are achieved with large
networks that exceed thousands of cells.
• The quality of the results observed seem to improve with
the size of the network.
In future work we plan to examine the value of recurrent
networks, and we will address more particularly the types
of recurrent networks that may be used and also we will
exploit the asymptotic properties of RNN clusters to render
the learning process more efficient..
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