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1. Introduction
This section begins with the literature reviews of two areas, i.e., the random neural network and energy network,
which illustrates the related problems, general frameworks
and existing alternatives. Then, this section concludes what
has been done in this report contributing to these two areas.
1.1. Random neural network
Random neural network (RNN) is a novel biophysically
inspired model proposed by Gelenbe in [44], which has been
applied in various areas [1, 2, 45, 46]. The neurons in the
RNN are spiking neurons, where each one can fire unit amplitude spikes to each other, simulating the brain spiking
behaviors. Compared to other neural network models, e.g.,
the conventional multi-layer perceptron (MLP) [3], extreme
learning machine (ELM) [4, 5, 53] and orthogonal polynomial
network (OPN) [6, 54], the RNN is a closer model to the biological neuronal network and can better represent how signals
are transmitted in the human brain. Each neuron is represented by its potential that is a non-negative integer showing
how many customers are there in the queue (the neuron) [44]
(Here we use the concepts “customers” and “queue” since the
RNN is proposed based on the theory of queueing networks).
In [47], Gelenbe presented important results about the probability that the potential of a neuron is positive. The first
result is that, under certain conditions, the probability converges to a steady-state value. The second one is that, the
steady-state probability function of potentials of all neurons
is the product of all marginal-probability functions of neuron
potentials. These results make the steady-state probability
distribution of the RNN a system of analytical equations,
where the system of equation can be efficiently computed
simply by iterations without using numerical methods such
as the Newton method [7] and therefore the probability distribution can be obtained directly without using the Monte
Carlo method [8].
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There are three main approaches to implement the RNN
model [10]. The most accessible approach is to use computer software tools based on CPU to simulate the RNN spiking behaviors or conduct the RNN equations computations. However, this approach can be of low efficiency because
it does not utilize the fact that the RNN is an extremely
distributed model and can be computed or simulated in an
extremely parallel manner. The second approach is still to
implement the RNN in computers but in a parallel manner.
Specifically, the computations related to the RNN can be
conducted simultaneously by a very large number of simple
processing elements, where the rapid development of chip
multiprocessor (CMP) and Graphics Processing Unit (GPU)
and the improvement of the parallel computation supported
languages, e.g., the widely-used MATLAB language [14–16]
and the domain-specific language for machine learning (OptiML) [16], make it more accessible. The third approach
is to implement the RNN model in hardware using specialpurpose digital or analog components [10]. Via specially designed hardware, the high parallelism of the RNN model can
be fully utilized and the speed in applying the RNN would
achieve a large increase. For the first approach, the work by
Abdelbaki [9] implemented the RNN model in the MATLAB
software. To the best of the authors’ knowledge, there is still no investigation to implement the RNN using the second
approach. In the level of hardware, another work of Abdelbaki in [10] shows that the RNN can be implemented by a
simple continuous analog circuit that contains only the addition and multiplication operations. In addition, the work
by Cerkez in [11] proposed a digital realization for the RNN
using discrete logic integrated circuits. The work by Kocak
in [12] implemented the RNN-based routing engine of the
cognitive packet networks (CPN) in hardware and decreased
significantly the number of weight terms (from 2n2 to 2n)
needed to be stored for each RNN in the engine, where the
CPN is an alternative to the IP-based network architectures
proposed by Gelenbe [13] which is outside the scope of this
report and will not be discussed further here.
Many (or say, most) practical applications of artificial neural networks require solving supervised learning problems
[17], which is an important subject in machine learning and
more generally, artificial intelligence [18]. In general, supervised learning of a system requires it to learn a mapping from
the input data (that can be integer and real numbers) to the
output data (that can be labels and real numbers) in a given
training dataset. In the RNN case, it has been applied in
encoding an image into fewer bits in order to achieve image
compression by using a RNN with a feed-forward architecture to learn the mapping from the image to the same image
through a narrow passage with fewer hidden-layer neurons
[19], where the extension to video compression applied the
similar principles [20, 21]. The work in [22] exploited multi RNNs to learn from training data and recognize shaped
objects in clutter by combining results of all RNNs. Gelenbe [23] used a feed-forward RNN to learn a mapping from
the scanning electron microscopy intensity waveform to the
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cross-section shape that is also called the profile such that
the profile can be reconstructed from the intensity waveform and the destruction caused by acquiring a cross-section
image can be avoided. The work by Oke in [24] first formulated the task of Denial of Service (DoS) detection as a
pattern classification problem, where one important step is to
measure and select useful input features, and then exploited
the RNNs with both the feed-forward and recurrent architectures to fulfill the task. Gelenbe proposed a RNN model
with multiple classes in [29] as a generalization following the
work of the single-class RNN [44]. This multiple-class RNN can be a mathematical framework to represent networks
which simultaneously process information of different types.
Then, by setting the excitatory input rates and the desired
outputs of the neuron states as the normalized pixel values, this multiple-class RNN is utilized to learn a given color
texture and generate a synthetic color texture that imitates
the original one [30]. The earlier work in [28] that used the
single-class RNN for black and white texture generation utilized the similar principle. The RNN learning has also been
applied to image segmentation [25], vehicle classification [26]
and texture classification and retrieval [27]. More applications related to utilizing the learning capability of the RNN
can be seen from the critical review in [1]. The RNN has also
already been applied in many other areas that can be seen
from the reviews in [45, 46] covering the RNN applications
until 2010, which is not the main focus of this report and
will not be discussed further.

ly by the formal pseudoinverse method [4–6, 31–34, 53, 54]
and variations of the pseudoinverse method [4] based on the
size of training datasets. The training of the PNN can also
be achieved using the slower back-propagation (BP) method
[54]. It also means that there is no local minimal in the
learning of the PNN regardless of the number of dimensions because of the fact that the least-square problem itself is
strictly convex and can be solved to optimality. It is well
known that gradient-descent algorithms including the one
for the RNN [47] may suffer from the weaknesses of local
minimal [37] and slow convergence [36]. To the best of the
authors’ knowledge, in the learning of the RNN, the number of the neurons is usually set as the number of problem
dimension or a number related to that, and there is still no
(not much) literature investigating deeply the selection of
the number of neurons. Taking advantage of the results of
the PNN, especially the structure-selection methods and the
learning methods, can achieve the improvements in terms of
local minimal, slow convergence and structure determination
for the learning of the RNN. The basic idea is that an PNN is first constructed with its structure selected and trained
based on the related methods developed in [6, 31–35, 54],
and then mapped into the RNN. Realizing this idea to the
RNN will activate the potential of the RNN in the area of
function approximation and pattern classification, since the
tool will possess both the excellent approximation and prediction capabilities from the PNN and the high parallelism
from the RNN.

Many investigations have been done to develop the learning methods for the RNN. In [47], Gelenbe developed a
gradient-descent learning algorithm for the RNN, which seeks nonnegative weights in terms of the gradient descent of a
quadratic cost function and is the most widely-used learning algorithm for the RNN. In the further work of Gelenbe
[29], this gradient learning algorithm is also extended to the
multiple-class RNN and applied to color texture generation
(as formerly mentioned). An inspiring and important work
done by Gelenbe and Mao in [113] proved that a specific
type of multi-variable polynomials can be mapped into the
RNN and the RNN is a universal function approximator.
This work sets up a bridge between the RNN and another type of feed-forward polynomial-based neural networks
(PNN) [6, 31–35, 54] whose activation functions are constructed based on the product form of multiple polynomials.
This type of neural networks (the PNN) has been applied
to multi-variable function approximation and pattern classification and achieved excellent performance. In addition,
many structure-selection methods have been developed and
investigated to determine the structures of the PNN, including the number of hidden neurons, the choices of neurons
to constitute the network (this is necessary since each neuron in the PNN is different), according to the information
extracted from the training data. What is more, the training of the PNN is extremely fast since the learning (or say,
training) problems of them can be formulated as a standard
least-square problem whose solutions can be obtained direct-

In addition to the gradient-descent algorithm, alternatives
for the learning of the RNN have been proposed. The work
by Likas [38] trained the random neural network using quasiNewton methods (including the BFGS and DFP methods), which utilizes the derivative results of gradient descent in [47]. It tested the proposed algorithm for the RNN
with two different architectures, where the fully recurrent architecture yielded poor results while the feed-forward
architecture yielded smaller errors with less steps than the
pure gradient-descent algorithm. However, it is also reported that the proposed algorithm has higher computational
complexity and can not be applied to online learning. Another alternative exploiting the Levenberg-Marquardt optimization procedure and adaptive momentum is proposed by
Basterrech [39] based on the gradient-descent algorithm. Its
performance was evaluated on several problems. Compared
to the gradient-descent algorithm, it achieved faster convergence speed in almost all cases but less robust in solving the
XOR problem. The RPROP learning algorithm introduced
in [41], which performs a direct adaptation of the weight step
based on the local gradient information, is combined with the
pure gradient-descent algorithm for the learning of the RNN
[39]. Georgiopoulos gave a brief description and some critical comments on this RPROP algorithm in [1]. It is reported in [39] that, in the learning of the geometrical images,
this RPROP algorithm outperformed the gradient-descent
algorithm. Georgiopoulos also applied the adaptive inertia weight particle swarm optimization (AIW-PSO) [42] and
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differential evolution (DE) approach [43] for the RNN learning in [1]. Then, the performances of the gradient-descent
algorithm, RPROP algorithm, AIW-PSO and DE approach
for classifying 12 datasets were compared, and there is no
absolute winner among them.

and variations of the pseudoinverse method [4]. However,
the solution of the NNLS problem needs to be searched via
an iterative procedure, due to the non-negative constraint
of the weights in the RNN. A caveat here is that the iterative procedure may show a high dependency on the value of
learning step size, where a too large step size may cause oscillation and a too small one may cause slow convergence. The
line-search technique has been demonstrated to be efficient for solving unconstrained minimization problems [54–56].
For example, in [54], the line-search technique was exploited
to select the step size in the iterative procedure for finding
appropriate weights of the OPN in a multi-dimensional sinc
regression problem, and a fast-convergence performance, a
training error as small as the one obtained by the pseudoinverse method and sometime a smaller generalization error
have been achieved. In Section 2, we will show that the
line-search procedure can be utilized to find excellent solutions to the NNLS problem in almost all cases considered,
and these solutions perform quite well in the RNN learning. We also show that the computational complexity of the
solving process of the NNLS problem as well as the memory
required can be reduced by wiping off the “zero” terms. The
idea of the NNLS problem formulation and solving procedure can be extended to solve the optimization problems of
the energy packet networks efficiently, where the problems
considered are more realistic and have high dimensions. The
related context will be further discussed in Subsection 1.2
and Section 3.

All the above mentioned alternatives require solving the
RNN system of equations in each iteration of the search process and most of them are developed utilizing the derivative
results of gradient descent in [47] meaning that they require
the computations of the derivatives of the objective function with respect to each RNN weight, while the alternative
proposed by Timotheou thought of the learning problem of
the RNN from a different perspective [48, 49]. Specifically,
instead of solving the learning problem of the RNN directly, the RNN system of equations associated with learning is
approximated to obtain a non-negative least-square (NNLS) problem. This NNLS problem is strictly convex and can
be solved to optimality. The solution to the NNLS problem
obtained by the algorithm developed in [48, 49] is directly
exploited as the one to the learning problem of the RNN.
It is reported in [48, 49] that this algorithm achieved better
performance than the gradient-descent algorithm in a combinatorial optimization problem emerging in disaster management. Note that the solution space of the NNLS problem
is different from that of the learning problem. Specifically,
the cost function used in the NNLS problem (denoted by f )
is different from that of the learning problem (denoted by
E), and the solving process of the NNLS problem searches for the optimal solution (i.e., the weights) that achieves
the minimal f to best approximate the RNN system of equations. However, when these weights found by solving the
NNLS problem are substituted into the RNN system of equations, it is not certain that the steady-state probabilities
with this RNN system can produce a small E. Although
many numerical results (as shown in Section 2) have verified
that the optimal solution to the NNLS problem is generally
a good solution to the learning problem, there is no rigorous
theoretical basis to guarantee the performance of this algorithm in handling the learning problem. Thus, we call this
algorithm a heuristic algorithm to the RNN learning. There
are two main advantages of this heuristic algorithm. The
first advantage is that it can be operated very fast since it
requires neither solving the RNN system of equations nor
computing the gradient descent in the whole search process.
The heuristic algorithm in [48, 49] may not be able to find
the optimal solutions to the NNLS problem in some cases,
leading to poor performance for the RNN learning. This
will be further discussed in Section 2. The second advantage
is that the optimal solutions of the NNLS problem can be
found regardless of the number of dimensions. These two
advantage are essentially important when the algorithm is
applied to solving a problem with extremely-high dimension
that requires real-time responses, which is usually the case
in the real world. Here we point out again that the solution
of a standard least-square problem can be obtained directly by the formal pseudoinverse method [4–6, 31–34, 53, 54]

1.2. Energy network
Smart grid, which is a network of computers and power infrastructure that monitors and manages energy usage [89], is
emerging in the recent years and expected to become the next
generation electricity grid [90]. Different literature may have
different definitions of the smart grid, but most of these definitions share consistent themes, where the core is advanced
metering infrastructure (AMI) that refers to smart metering
and two-way communications between electricity providers
and customers [58]. According to [58], a smart grid should
serve as the backbone that enables widespread penetration
of new cutting-edge technologies in metering, transmission,
distribution and electricity storage, and both providers and
customers access to the grid-related information such that
more efficient consumption and provision of electricity can
be achieved. One reason why the smart grid is so important
is that the existing electricity network is no longer able to
fully satisfy the rapidly-increasing demand of electricity [91],
which can be well illustrated by the example of China [60–
62]. In developing countries, China is one of the fast growing
economics and has the second largest economy in the world
with the gross domestic product (GDP) being 7.298 trillion
U.S. dollars in 2002 [60, 61]. Corresponding to the energybased nature of the rapid economic growth, China is expected
to have a 233% growth of electricity demand from 2007 to
2050 [60]. Another reason is that the highly-interconnected
but unidirectional power system may not be able to handle
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increased risks of large-scale cascade failures [92]. A smart
grid should not be regarded as an electricity-only grid, since
an important goal of the smart grid is to integrate all forms
of energy [57], including gas, heat, hydro power, solar power,
off-shore wind, biomass energy, wave energy and many other
combined distributed power, according to the future smart
grid vision shown in [96]. Energy sources, such as the solar
power, off-shore wind and wave energy, can be classified as
renewable energy sources (RES). In terms of climate goals,
RES are environment friendly and recent studies show that a
smart grid incorporating RES can decrease annual CO2 emissions by 5 to 16 percent [58]. In addition, RES are becoming
commercially profitable in the energy markets, forcing the
smart grid to include them.

that the system can never be locked during an emergency (in
contrast, system locking may be a usual safety measure that
other industry systems would use) [64].
The key power-generation paradigm in the smart grid is
distributed generation (DG) that usually refers to small-scale
power generation via distributed energy-resource systems
such as solar panels, microturbines, fuel cells and wind power turbines [65]. Implementing DGs may encounter several
challenges. The first one is that the electricity-generation
patterns from DG systems, which are usually based on very
fluctuating and uncontrollable RES, are far from equal to the
electricity demands, making it difficult to keep the demand
and supply in balance [66]. The second one is that the unit
capital costs per kilowatt in electricity of DG systems are
usually higher than large-scale central power plants [65, 67].
Specifically, it is reported in [67] that, although operating
costs are very low for photovoltaic systems, they are still uncompetitive due to high capital costs. To handle these
challenges, the concept of the virtual power plant (VPP) has
been introduced and investigated [68, 69]. A definition of
the VPP is introduced in [69]: a VPP is a cluster of distributed generators, controllable loads and storages systems,
aggregated in order to operate as a unique power plant. The
heart of the VPP is the an energy management system (EMS)
that coordinates the power flows. Since the electricity productivity of the distributed generators can not be predicted
with 100% accuracy [70], the VPP requires the accurate data of energy generation and energy consumption for energy
monitoring and control. Therefore, the phasor measurement
unites (PMU) utilizing the information from the global positioning system (GPS) are designed to measure and transmit
accurate energy information [69]. Since, in most cases, the
optimization algorithms for the VPP do not take the network
stability into account and may lead to overload of the power
system, the system observability becomes an important issue to avoid these possible consequences. For the unknown
values in the power system, state estimation can be exploited via the least square method utilizing the measurement
information from the PMU, and higher accuracy of the PMU is preferred in order to get better results. Based on
the framework of the VPP, an optimization control procedure was presented in [69] for a specific case where there are
three different energy suppliers and four energy consumers
in the VPP and the objective of the EMS is to minimize the
energy-generation costs and avoid the energy loss. In [68],
the VPP optimization was first considered to minimize the
product cost, which, however, might result in unacceptable
voltage levels. Then, the optimization operations from the
distributed system operator is introduced in order to maintain the system states within acceptable levels. The work by
Hikihara in [94] focused on a small-scale power grid, i.e., the
in-home power grid, that also utilizes the RES and faces the
DG issues. Hikihara proposed two types of in-home power
distribution systems, where the first one is a circuit switching system handling AC power while the second one is a DC
power dispatching system via power packets that makes the

The whole smart grid is a huge complex system, and many
different frameworks have been proposed in the literature to
describe what the smart grid is [59, 60, 93, 96]. The work
by Gungor in [59] summarized the main issues in the smart
grid and presented the framework of a smart gride that includes: 1) the physical infrastructure for energy generation,
transmission and distribution; 2) the communication infrastructure for transferring information through the grid; 3)
information technology that enables modeling, analysis, web
visualization and commercial transactions; and 4) potential
applications creating business for smart grid users. Looking
at the smart grid from a technical view point, Fang divided the smart grid into three sub-systems: smart infrastructure system, smart management system and smart protection system [93]. The smart infrastructure system is the
basis of the smart grid supporting both the two-way information flow and two-way energy flow. Both the smart management and protection systems will take advantage of the
smart infrastructure system. The introduction of the twoway energy flow is especially important since the RES are
becoming more plentiful [91] and electricity users may also
utilize the RES to generate electricity and give it back into
the grid, making the electricity storage in the grid extremely distributed. This extremely-distributed energy makes the
energy generation and energy market more feasibly [91, 93],
however, controlling it can be much more complicated [94].
The smart management system provides advanced management and control services that realize various functions and
management objectives, such as energy-efficiency improvement, demand profile shaping, operation cost reduction, emission control, utility maximization and price stabilization.
What is more important, the system is able to keep evolving
with new cutting-edge developments of management applications and techniques embed, leading to a “smarter” smart
grid. The smart protection system is more advanced that
provides system reliability and failure protection, and security and privacy protection. The reliability of the system is
crucial to guarantee the quality of service. Otherwise, unexpected outages and cascading blackouts could happen [63].
Security objectives in the smart grid is different from, or say,
more complicate than most of the other industries, since electricity must always be available for safety reasons meaning
4

control of DG easier. It means that, in the DC power distribution system, supply can be easily regulated by controlling
the number of power packets. The system consists of multiple sources, multiple loads, a mixer, a router, and a single
distribution line connecting the mixer and the router. The
power packet is composed of a header including a start signal
and a destination address, a payload and a footer. The mixer
gathers power packets and sends them to the single distribution line. The router distributes the received power packets
to the destination load. Hikihara did further research on this
dispatching system and confirmed its feasibility in physical
layer via experiments at the in-home DC network [95]. It is
believed in [94, 95] that the power packet dispatching system
can be one of the future power distribution methods and will
be a key to solve the problems related to the introduction of
the RES.

that can deliver the highest profit and accordingly proposed
two distributed algorithms based on the machine-learning algorithms in [72, 73]. The work in [98] focused on the power
grid in buildings and outlined the potential for building energy saving via efficient operation. The microgrid was the
infrastructure used in [98]. The objective was to minimize
the total energy cost via the integrated scheduling of the multiple energy supply sources, where this scheduling problem
was formulated into an optimization problem with varieties
of constraints, including grid constraints, cost calculation formulations, constraints of combined heat and power systems and operation of PV panels. In addition, the significant
uncertainties in the demand profile and RES energy supply
were also considered, leading to another formulation of the
scheduling problem. The mentioned optimization problems
were solved by the CPLEX solver.
The concept of Energy Packet Network (EPN), which was
started by Gelenbe in [91, 97], can be a new framework for describing (or say, modeling) power grids, which will contribute
to the area of the smart grid. Specifically, in [91, 97], Gelenbe proposed a mathematical model called the EPN that
takes both the distributed energy generations and conventional sources of energy into consideration. The EPN can be
an appropriate framework for both the macroscopic smart
grid and micro-scale energy harvesting networks, and it is
developed based on the theory of the generalized queueing
networks (G-networks) [79, 82, 83]. The G-networks are related to the RNN but different from it in many ways, such
as the origins, the research directions and the main usages.
As discussed in Subsection 1.1, the research of the RNN began from the paper [44], which was a new class of random
networks different from the standard queueing networks with
only “positive” customers [75, 76]; while the G-networks is
a new generalization of the standard queueing networks by
introducing both “positive” and “negative” customers [77],
where the positive customers can be considered to be resource requests, while negative customers can correspond to
decisions to cancel requests of resources. Note that, before
the proposal of the G-networks, the standard queueing network has been widely used in computer and communication
system performance modeling and in operations research.
The main focuses of the research on the G-networks and
RNN rapidly bifurcated with distinct objectives, as outlined
in [78]. The followings are three main focuses of the RNN research that have been discussed or mentioned in Subsection
1.1 (a broader range of the focuses can be founded in [78]):
1) utilizing the RNN learning ability for various applications
and developing learning algorithms for the RNN; 2) showing
that the RNN has the capability for multi-variable function
approximation (which sets up connections to the research of
the PNN [6, 31–35, 54]); and 3) exploiting the RNN as a
decision tool for routing in the CPN [12, 13].

A new grid concept, called microgrid, has also been developed to handle the DG [74, 96]. The main idea of microgrid
is that a localized self-contained energy network (namely, microgrid) can be disconnected and reconnected from the main
grid (namely macrogrid). This disconnection (or say, islanded) mode of the microgrid has the potential to provide a
higher local reliability by avoiding the faults coming from
the macrogrid. Specifically, during disturbances, the energy generations and loads in the microgrid can be separated
from the macrogrid, and the integrity of the microgrid is not
harmed, thereby maintaining services [74]. The description
of the microgrid in [74] stressed the plug-and-play functionality, meaning that a unit can be placed at any point in
the microgrid without modification of existing equipments.
To illustrate this plug-and-play functionality, [74] presented a simple example of a microgrid architecture with four
users, where the users with sensitive loads are powered by
both the macrogrid and the local generations while the noncritical user is powered only by the macrogrid. When there
is a problem with the macrogrid, a static switch will open
to isolate the sensitive loads. By doing this, the users with
sensitive loads keep powered by the local generation and run
well while just the non-critical user is affected. Regarding
to the control of the microgrid, a key element is that each
DG controller must be able to respond effectively to system
changes, such as picking up its share to the loads, without
requiring data from the loads or other DG sources. The work
by Fang in [71] that is related to the microgrid first investigated the approach to find the most efficient and reliable
power supply among a large group of distributed RES for a
user in a microgrid and accordingly proposed a discovery approach to discover all the available RES within a microgrid.
It is assumed that the power can be intentionally delivered
from a distributed generator to a user. It is reported that
this can be done by exploiting the above mentioned work of
Hikihara about the DC power dispatching system via power
packets, in which information, such as destination address, is
added to the power and the power is distributed according to
this information [94, 95]. Then, Fang investigated the issue
of how to find the power supply among the available RES

As concluded by Gelenbe [78], the research concerning the
G-networks focuses on extending the initial model of the Gnetworks [77] to include new types of customers, accompanied with the research of proving the existence of product5

form stationary solutions. For example, specific types of customers, usually called signals, arriving the networks can affect the networks behaviors in various ways, which leads to
a variety of different models of the G-networks. To model systems in which customers can move from one queue to
another queue instantaneously (or say, a customer is routed
upon certain events), paper [79] introduced a new type of
customers, called signals, into the G-networks, where these
signals, different from regular customers, do not receive service from the queueing network but trigger the passage of
a customer from one queue to another with certain probability. The effect of the signals on the behaviors of the
G-networks was further extended in [80], in which, with certain probabilities, the signals may trigger displacements of
customers from one queue to another or force a batch of
customers to leave the network. Later research concerning
the G-networks further extends the model to contain multi
classes of customers [81, 82]. Note that, in the later research,
the term “signal” is used to cover negative customers (whose
function is to destroy regular/positive customers) and triggers. Paper [81] extended the basic model of the G-networks
in [77] to a model of multi classes of positive and negative
customers. Paper [82] did further extension and considered
the model of the G-networks with multi classes of signals and
positive customers. Both models have been proven to have
product-form stationary solutions with appropriate assumptions, e.g., exponentially-distributed service times and specific service disciplines, such as first-in-first-out (FIFO) and
processor sharing (PS). In addition to negative customers
and signals, further research on the G-networks introduced
a new type of customers, the “reset” customers [83, 84]. In a
system composed of multi unreliable sub-systems, one subsystem in working condition is able to discover the failure
of another sub-system and reset it, by which the global reliability of the system can be enhanced. The system can be
modeled by the G-networks while the “reset” behavior of the
system can be modeled by the “reset” customers [83]. Each
step on the extension research of the G-networks makes them
more useful tools for analytical modeling of complex systems.

the set of links. As mentioned by [85], the advantage of the
separation is that it offers additional flexibility to the modeling of the system. More specifically, in [86], this separation
makes it simpler to model separately the impact of routers
and links on delay, traffic loss and energy consumption and
to explicitly represent packet re-routing. After presenting
the G-networks model, the routing optimization in [86] was
expressed as the minimization of a cost function combining
both the network power consumption and the average delay
by selecting appropriate control parameters Q(r, k, l) which
is the probability that a user packet of class k at router r
is directed by the corresponding control packet of type (r, k)
to the link l, where this minimization problem was solved
by the gradient-descent algorithm. The related further work
in [87] based on [86] examined how this gradient-descent algorithm (accompanied with the G-networks model) can be
used to save energy upon the shortest-path routing and a
smart adaptive algorithm called energy aware routing protocol (EARP) [88], where the comparisons were conducted
on a 23-node test bed and the test on a large-scale network
may not be practical since the algorithm is of time complexity O(N 3 ) (as reported in [86]). As formerly mentioned,
the proposal of the EPN is another application example of
the G-networks for analytical modeling [91, 97, 110]. More
specifically, in the mathematical model for the EPN of [91],
the nodes of the EPN include energy sources, energy storage
centers and energy consumption centers, where the energy
sources can be distributed renewable energy sources (i.e., the
DG). The energy in the EPN is stored, distributed and consumed in the form of energy packets. Although paper [91]
did not discussed how the energy flow can be regulated into
energy unit in physical systems, the work by Hikihara presented similar concept named as power packets and verified
the feasibility of a power packet dispatching system in the
physical layer [94, 95]. Then, the EPN can be regarded as
a queueing network, the energy storage of the nodes are the
queues, the energy packets are the regular customers in the
queues and there may be control/request packets in the EPN
corresponding to the signals (negative customers or triggers)
in the G-networks. Using the G-network theory in an approximation manner and certain assumptions e.g., unlimited
storage capacity and energy packet generation and consumption submitting to Poisson process, the stead-state probabilities related to the nodes can be expressed mathematically by
a system of equations. The purpose of the EPN in [91] is to
meet the surges in energy demand in a grid, where the grid
has both steady energy sources and distributed renewable
energy sources. In most of the time, the energy demand in
the grid is satisfied by steady energy sources, but, in some instants, the energy demand may exceed the maximum level of
steady energy and these excess energy requests may be met
by renewable energy sources which are managed by the EPN. Most concept used in the EPN model of [97] is similar to
that of [91], but the EPN model is more specific and designed
for the energy management for the Cloud computing servers, where the energy consumption centers become the Cloud

In [80], a simple example application of the G-networks
to modeling flow control in communication networks was
presented, where the information of the sub-networks can
be transformed into flow control packets triggering instantaneous displacements of regular customers. The modeling of
packet computer networks by using the G-networks in [85]
is much more complex, which incorporates the control traffic
as well as the control actions taken at each node and uses
multiple classes of traffic and triggers. In addition to the
work of modeling, paper [85] presented a gradient-descent
based optimization algorithm, where the cost function in the
algorithm can include various optimization goals, e.g., delay,
traffic loss, power consumption or a combination of them.
In [86], the G-networks were applied as power consumption
models for wired packet networks. Both models in [85] and
[86] take both routers and links as nodes of the networks
but separate the nodes into two sets: the set of routers and
6

computing centers. In the cases that scarce sources of energy must be shared by multi computational units, the EPN
can manage the energy in the storage centers, which is stored
from DG when energy demand is not high, to best match and
smooth the intermittent energy supply. Similarly, using the
G-network theory and certain assumptions, the stead-state
probabilities related to the nodes in the EPN can be approximately expressed by a system of equations. By analyzing the
solutions of the related equations, the approximate behaviors
of the EPNs (in both [91] and [97]) can be analyzed so that
parameters in the EPN can be adjusted accordingly in order
to achieve different objectives, e.g., satisfying energy needs
of energy consumption centers, or say, the Cloud computing
centers. A recent work in [110] considered an interconnected distributed computer system with multiple computation
centers (e.g., the above mentioned Cloud computing servers)
and introduced a new class of regular customers into the EPN
model, i.e., the discrete units of computational work (jobs).
Another class of regular customers in the EPN is the energy
packets, while the discrete representations of data packets
used for control operations in the EPN correspond to the Gnetwork “triggers”. There are only two types of nodes in the
EPN: the computation centers (CCs) and energy storage centers (ESCs). The CCs request energy from the ESCs while
they are busy processing jobs. In addition, the CCs can also
get energy from other sources. Assuming all job and energy
packet arrivals are Poisson and service rates are exponential, the probabilities that the CCs are busy processing job,
the local energy storages of the CCs are non-empty and the
ESCs have at least one energy packet can be expressed mathematically by a system of equations based on the G-network
theory. Then, the average job response time can also be approximately calculated with the solutions of the system of
equations. By analyzing the system of equations (or say, the
EPN model), paper [110] compared the choices of centralised
or distributed energy storage and determined a better choice
that offered smaller response time.
The EPN modelling based on the G-network theory can
be promising in the area of the smart grid. However, in the
existing EPN models (e.g., [91, 97, 110]), some assumptions
may not be applicable to the modelling of many practical
electrical grids.

with short-distance links (e.g., the microgrid). But the
delay may no longer be negligible in a large-scale electrical grid. One possible solution may be to include the
links as nodes into the EPN models.
• The Poisson arrivals of regular customers (such as, energy packets and jobs) and exponential service rates are
assumed in the EPN models in order to apply the Gnetwork theory, which may be able to model the energy
generation from renewable energy sources since it is similar to the Poisson process. But, it may NOT be used to
model steady energy generation or those quite different
from Poisson process.
• In most cases of the EPN models, it is assumed that the
nodes have unlimited capacities so as to simplify the
equations used to describe the system. The energy storage centers may have sufficiently large capacities, but
the energy consumption centers usually have small capacities or sometimes have no capacity, where, in these
cases, the modeling is NOT exact. To deal this situation, paper [91, 97] presented approximation equations
used to describe nodes with limited capacities. However, these approximation equations are beyond the Gnetwork theory and the efficacy of them has not been
theoretically proven.
1.3. Work done in this report

This rest of this report is organized into two parts.
• Heuristic line-search aided non-negative least-square learning for random neural network.
• Energy distribution for energy packet networks.
The first part incorporate the idea of the non-negative leastsquare problem formulation in [48, 49] and the line-search
technique in [55] and then design a heuristic but efficient
learning algorithm for the RNN, which is termed the linesearch aided non-negative least-square (LNNLS) learning algorithm. The second part considers the energy-distribution
problems of different EPNs and then designs effective optimization algorithms for solving the problems, such as the
gradient-descent algorithm, the cooperative particle swarm
• The energy flows in the EPNs are discrete representa- optimizer and the heuristic algorithms developed based on
tion of energy in regulated energy packets, while, in most part one.
existing electrical grids, electricity is transmitted in an
analog and continuous quantity. It means that the EPN models may NOT be DIRECTLY used to model and 2. Heuristic line-search aided non-negative leastanalyze these electrical grid. In an approximate mansquare learning for random neural network
ner, the EPN models may still be applicable. In addition, some research about the future electrical grids
This section first presents briefly the mathematical modhas already recognized the advantage and feasibility of
el of the RNN and its learning problem. Hoping to find
transmitting energy in regulated packets [71, 94, 95].
appropriate solutions for the learning problem, a heuristic
• To the best of the authors’ knowledge, the existing EPN LNNLS algorithm is then designed based on [48, 49] by apmodels have NOT taken the transit delay from one node proximating the RNN mathematical equations. Numerical
to another node into consideration. It may be practical results show that this heuristic algorithm is capable of findnot to consider the delay in a small-scale electrical grid ing satisfactory solutions in most cases.
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{yc |c = 1, · · · , C}). For better understanding, Figure 1
Let us consider a RNN with N neurons, where ki (t) ≥ 0 shows the procedure of exploiting the algorithms to find
denotes the potential (or say, state) of the ith neuron at weights for the RNN learning. It is worth pointing out that
time t with i = 1, · · · , N and correspondingly vector k(t) = there is no theoretical result to guarantee that the weight[k1 (t) k2 (t) · · · kN (t)] denotes the state of the whole RNN. s found by the heuristic LNNLS algorithm are satisfactory
All neurons are fully connected and exchange positive (or say, solutions to the learning problem of the RNN.
First, this approximation problem is formulated as a nonexcitatory) and negative (or say, inhibitory) signals in the
negative
least-square problem based on [48, 49]. Then, the
form of unit amplitude spikes (by firing). Each positive signal
heuristic
LNNLS algorithm is designed to solve this problem
increases the potential of the receiving neuron by 1, while
by
combining
the algorithm procedure in [48, 49] and the
each negative signal reduces the potential that is larger than
line-search
technique
in [55].
zero by 1. The ith neuron is excited when ki (t) > 0 or idle
when ki (t) = 0. When excited, the ith neuron fires according
w
{qc |c ∈ C}
{yc |c ∈ C}
to an independent exponential distribution with rate ri . In
RNN
LNNLS
addition, its potential is reduced by 1 each time it fires. The
fired spike heads for the jth neuron as a positive signal with
−
probability p+
i,j or as a negative signal with probability pi,j , Figure 1: Block diagram of the heuristic LNNLS algorithm exploited
where j = 1, · · · , N , or it departs from the network with to find weights for the learning of the RNN.
probability di . Correspondingly,
N
X
−
(p+
(1) 2.2.1. Approximation problem formulation
i,j + pi,j ) + di = 1.
j=1
We first rewrite RNN equations (2) as

PN
All neurons also receive signals from the outside world. Pos+
−
N
X
qi,c j=1 wi,j
+ wi,j
−
itive and negative signals arrive at the ith neuron from the
qj,c wj,i
+ qi,c
1 − di
outside world according to Poisson processes of rates Λi and
j=1
(3)
λi , respectively.
N
X
+
Let qi = limt→∞ Prob(ki (t) > 0) denote the stationary
−
qj,c wj,i
− (Λi,c − qi,c λi,c ) = 0,
probability of the ith neuron being excited. Based on [47],
j=1
the signal flows in the RNN can be described by the following with i = 1, · · · , N and c = 1, · · · , C.
system of nonlinear
If we substitute qi,k with yi,k into (3), we obtain a linear
 equations:
+

system of N K equations with 2N 2 nonnegative unknowns
+
−
 λi
, if λi < ri + λi
+
−
(2) (i.e., the weights wi,j and wi,j ). However, a unique solution
qi = ri + λ−
i

+
−
1,
to this linear system may not be available due to the uncerif λi ≥ ri + λi
tain relationship between N C and 2N 2 and the constraint of
P
P
N
N
+
−
−
+
where λ+
i = Λi +
j=1 qj wj,i , λi = λi +
j=1 qj wj,i , wj,i = the weights. To approach equality as much as possible, the
−
−
rj p+
work [48, 49] formulate (3) as a non-negative least-square
j,i , wj,i = rj pj,i and i = 1, · · · , N .
+
−
Suppose that the weights {wj,i
, wj,i
|i, j = 1, · · · , N } in problem:
1
the RNN are known and the values of Λ = [Λ1 · · · ΛN ]
minimize f (w) = minimize kAw − bk22 ,
2
and λ = [λ1 · · · λN ] at the cth computation are set as
(4)
Λc = [Λ1,c · · · ΛN,c] and λc = [λ1,c · · · λN,c ], then the
subject to w ≥ 0,
stationary states of the RNN q = [q1 · · · qN ] at this compu- where A ∈ RN C×2N 2 and b ∈ RN C×1 are defined as
qi,c
tation can be calculated from (2), which are represented by
A(hi,c , h+
, ∀j 6= i
i,j ) =
q c = [q1,c · · · qN,c ]. Then, the learning problem of the RNN
1 − di
qi,c
can be described as follows.
A(hi,c , h−
, ∀j 6= i
i,j ) =
1
− di
Given the values of Λ and λ at the cth computation (i.e.,
qi,c
Λc and λc ) and the desired values y c = [y1,c · · · yN,c ] for
A(hi,c , h+
− qj,c , ∀j = i
i,j ) =
1
− di
q c , we want to minimize the difference between q c and y c
qi,c
+
−
(5)
by finding appropriate values for {wj,i
, wj,i
|i, j = 1, · · · , N },
A(hi,c , h−
+ qi,c qj,c , ∀j = i
i,j ) =
1
− di
where c = 1, · · · , C.
A(hi,c , h+
j,i ) = −qj,c , ∀j 6= i
2.1. RNN model

A(hi,c , h−
j,i ) = qi,c qj,c , ∀j 6= i

2.2. Heuristic LNNLS algorithm

The basic idea of the heuristic LNNLS algorithm is to
A(hi,c , otherwise) = 0,
find appropriate weights to approximate the RNN sysb(hi,c ) = Λi,c − qi,c λi,c ,
tem of equations (2) as close as possible. By introduc+
−
2N 2 ×1
and
w
∈
R
consists of the weights wi,j
and wi,j
and
ing {y c |c = 1, · · · , C} into this approximation problem, we
+
+
−
−
+
hope that the found weights can also make the RNN s- is given by w(hi,j ) = wi,j and w(hi,j ) = wi,j with hi,j =
tates {q c |c = 1, · · · , C} close to their desired values (i.e., N 2 + (i − 1)N + j and h−
i,j = (i − 1)N + j.
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Algorithm 1 The LNNLS learning algorithm
Construct A and b;
initialize w (1) and calculate f (w (1) ) via (8);
η ← 1.5; ϑ ← 2; m ← 1;
ηnew ← η, wnew ← w (1) , fnew ← f (w (1) );
while m ≤ M do
calculate ∇f (w (m) ) via (7);
w(m+1) ← P [w (m) − η∇f (w (m) )];
calculate f (w (m+1) ) via (8);
while f (w (m+1) ) < fnew do
ηnew ← η; wnew ← w (m+1) ;
fnew ← f (w (m+1) ); η ← ηϑ;
calculate ∇f (w(m) ) via (7);
w(m+1) ← P [w (m) − η∇f (w (m) )];
calculate f (w(m+1) ) via (8);
end while
while f (w (m+1) ) > fnew &η > 10−20 do
η ← η/ϑ;
calculate ∇f (w(m) ) via (7);
w(m+1) ← P [w (m) − η∇f (w (m) )];
calculate f (w(m+1) ) via (8);
if f (w (m+1) ) < fnew then
ηnew ← η; wnew ← w (m+1) ; fnew ← f (w (m+1) );
end if
end while
η ← ηnew ; w(m+1) ← w new ; f (w(m+1) ) ← fnew ;
m ← m + 1;
end while

2.3. LNNLS algorithm procedure
The solution of a standard least-square problem can be obtained directly by the pseudoinverse method [54]. However,
due to the non-negative constraint of w, the solution needs
to be searched via an iterative procedure. Based on [48], in
the mth iteration, where m = 1, · · · , M with M being the
maximum number of iterations, the following weight-update
formula can be exploited:
w(m+1) = P [w (m) − η∇f (w (m) )],
(6)
where
∇f (w(m) ) = AT (Aw (m) ) − AT b,
(7)

2
η > 0 is the step size and,
( with h = 1, · · · , 2N ,
w(h),
if w(h) > 0,
P [w(h)] =
0,
otherwise.
Besides, qi,c in A is substituted with yi,c in each iteration.
The iterative procedure by using (6) may show a high dependency on the value of step size η, where a too large step
size may cause oscillation and a too small one may cause slow
convergence. In this report, we extend the line-search technique that is originally designed for solving unconstrained
minimization problems [54–56] and apply it to selecting η
dynamically and appropriately. Based on (6) and the linesearch technique, the LNNLS learning algorithm for the RNN
can finally be designed and its detailed procedure is provided
in Algorithm 1, where
1
f (w) = kAw − bk22
(8)
2
is used to measure the process of the algorithm in finding
appropriate weights. Note that the influence of the way of G ∈ RN C×1 and its hi,c th element is


initializing w (1) on the efficacy of the LNNLS learning alN
X

qi,c
+
−
gorithm can be negligible in most cases if M is sufficiently
G(hi,c ) =
w(hi,α ) + w(hi,α )
1 − di
large. However, initializing w (1) with the zero value may be
α=1(α6=i)
an acceptable choice, which is further illustrated in Section
N
X

+
2.5.
+
qβ,c qi,c w(h−
i,α ) − w(hi,α )

(11)

β=1(β6=i)

qi,c
qi,c
2
− qi,c )w(h+
+ qi,c
)w(h−
i,i ) + (
i,i )
1 − di
1 − di
Note that the derivation of equations (9), (10) and (11) is
given in Appendix. In addition, learning performance measurement f can be calculated without constructing A:
1
f (w) = kG − bk22 .
(12)
2
The detailed procedure of the A-matrix free LNNLS learning
algorithm is provided in Algorithm 2
Remark 2. The heuristic LNNLS learning algorithm (including Algorithms 1 and 2) is designed for the RNN with
only output neurons. But, by using similar procedure of the
weight-initialization algorithm in [48], the LNNLS learning
algorithm can be easily extended to the case where the RNN
is composed of both output and non-output neurons. Suppose the RNN has Nout output and Nout
¯ non-output neurons. The weights and desired outputs of non-output neurons
yiout
¯ ∈ Nout
¯ , c ∈ C in the LNNLS learning algorithm
¯ ,c , ∀iout
with weight initialization are initialized for L times, where
the detailed procedure is given in Algorithm 3.

2.4. Heuristic A-matrix free LNNLS algorithm

+(

In Algorithm 1, one difficulty is to construct and store
2
matrix A ∈ RN C×2N due to its large dimensionality. To be
more specific, Table 1 shows the memory needed to store A
under different values of N and C. Evidently, it may not be
possible to store matrix A and conduct computations with
A in a Personal Computer when N ≥ 1000. Therefore, it
is important to modify the NNLS learning algorithm (i.e,
Algorithm 1) such that it does not require storing A and
becomes suitable for solving the learning problem of the RNN
with large dimensionality. Moreover, from (5), it can be
found that only 4N − 2 of the 2N 2 elements in each row of
A are nonzero. We therefore can reduce the computational
complexity of Algorithm 1 by wiping off the computations
about the ’zero’ elements.
For presentation convenience, let ∇ = ∇f (w (m) ) ∈
2N 2 ×1
R
and ∇(h) with h = 1, · · · , 2N 2 denotes the hth element in ∇. Based on (5) and (7), we can deduce equations
(9) and (10) for calculating ∇ without constructing A, where
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 C 

X qi,c (G(hi,c ) − b(hi,c ))



−
q
(G(h
)
−
b(h
))
, ∀i 6= j,

i,c
j,c
j,c

1 − di
+
c=1
∇(hi,j ) =


C 
X

qi,c



−
q
(G(h
)
−
b(h
))
,
∀i = j,
i,c
i,c
i,c

1 − di
c=1
 C 

X qi,c (G(hi,c ) − b(hi,c ))



+ qi,c qj,c (G(hj,c ) − b(hj,c )) , ∀i 6= j


1 − di
c=1
∇(h−
)
=


i,j
C 
X

qi,c

2


+
q
(G(h
)
−
b(h
))
,
∀i = j,
i,c
i,c
i,c

1−d
c=1

(9)

(10)

i

Algorithm 2 The A-matrix free LNNLS learning algorithm
Construct b; initialize w (1) and calculate f (w(1) ) via (12);
η ← 1.5; ϑ ← 2; m ← 1;
ηnew ← η, wnew ← w (1) , fnew ← f (w (1) );
while m ≤ M do
calculate ∇f (w(m) ) via (9) and (10);
w(m+1) ← P [w(m) − η∇f (w(m) )];
calculate f (w(m+1) ) via (12);
while f (w (m+1) ) < fnew do
ηnew ← η; wnew ← w (m+1) ;
fnew ← f (w (m+1) ); η ← ηϑ;
calculate ∇f (w(m) ) via (9) and (10);
w(m+1) ← P [w(m) − η∇f (w (m) )];
calculate f (w(m+1) ) via (12);
end while
while f (w (m+1) ) > fnew &η > 10−20 do
η ← η/ϑ;
calculate ∇f (w(m) ) via (9) and (10);
w(m+1) ← P [w(m) − η∇f (w (m) )];
calculate f (w(m+1) ) via (12);
if f (w (m+1) ) < fnew then
ηnew ← η; w new ← w (m+1) ; fnew ← f (w (m+1) );
end if
end while
η ← ηnew ; w(m+1) ← wnew ; f (w(m+1) ) ← fnew ;
m ← m + 1;
end while

Table 1: Memory needed to store A under different values of N and C

C=1
C=10
C=100
C=1000

N=10
0.0153MB
0.1526MB
1.5259MB
15.2588MB

N=100
15.2588MB
152.5879MB
1.4901GB
14.9012GB

N=1000
14.9012GB
149.0116GB
1.4552TB
14.5519TB

2.5. Numerical results
In this section, numerical experiments are conducted to
test the performance of the heuristic LNNLS algorithm for
the RNN. (The source codes of Algorithm 1 in MATLAB
language and Algorithm 2 in C language are available at
http://www.yonghuayin.icoc.cc/.) All of the numerical experiments are conducted in a MATLAB R2014a environment, which is operated on a personal computer (CPU: Intel i74770 3.40 GHz; memory: 8.00 GB). Note that, for simplicity,
di with i = 1, · · · , N are set as zero. In addition, the root
mean square error (RMSE) is used to measure the performances of the RNNvand learning algorithm:
u
N X
C
u 1 X
E=t
(yi,c − qi,c )2 .
(13)
N C i=1 c=1

First, let us consider a simple dataset named as Simple with N = 3 and C = 1. In addition, Λ1,1 =
[0.5934 0.5501 0.9935], λ1,1 = [0.1814 0.1896 0.8415] and
y1 = [0.1018 0.5684 0.2422], the values of which are randomly generated among range [0, 1]. Then, the heuristic LNNLS algorithm is exploited for the RNN to learn the Simple
dataset. The numerical results are shown Figs. 2 and 3. In
Algorithm 3 The LNNLS learning algorithm with weight
the numerical experiment of Fig. 2, initial values of weights
initialization
(i.e., w (1) ) are set as zero. From Fig. 2(a), we can see that
Initialize w (1) and yiout
¯ ∈ Nout
¯ , c ∈ C;
¯ ,c , ∀iout
the RMSE decreases rapidly to tiny values during the iterl ← 1;
ative process. To be more specific, the RMSE decreases to
while l ≤ L do
4.3980 × 10−5 at the 100th iteration and reaches the smallest
obtain w new via Algorithm 1 or 2 with w (1) and value of 5.5626×10−7 at 246th iteration. Fig. 2(b) illustrates
yiout
¯ ∈ Nout
¯ , c ∈ C;
¯ ,c , ∀iout
that each RNN output converges rapidly to the correspondsolve (2) using w new for qiout
¯ ∈ Nout
¯ , c ∈ C;
¯ ,c , ∀iout
ing desired output. In the numerical experiment of Fig. 3,
w(1) ← wnew ;
initial values of weights are randomly selected and 10 trials
yiout
¯ ∈ Nout
¯ , c ∈ C;
¯ ,c ← qiout
¯ ,c , ∀iout
are conducted. It can be seen from the results in Fig. 3
end while
that, under different initial weights, all the RMSEs decrease
rapidly to tiny values and become smaller than 3.0 × 10−3
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(a) RMSE versus number of iterations
Figure 3: Learning performance of the RNN equipped with the LNNLS
algorithm for the Simple dataset under random initial weights.
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Figure 2: Learning performance of the RNN equipped with the LNNLS
algorithm for the Simple dataset under “zero” initial weights.

sth storage unit.
4) Let q̂s , ∀s ∈ S represent the probability that the sth
storage unit has energy in storage.
5) Let µc , ∀c ∈ C represent the energy consumption rate of
the cth consumer.
6) Let qc , ∀c ∈ C represent the probability that the cth
consumer has energy to consume.
7) Let p̂g,s represent the proportion of energy that the gth
generator sends to the sth storage unit.
8) Let p̃g,c represent the proportion of energy that the gth
generator sends to the cth consumer.
9) Let ps,c represent the proportion of energy that the sth
storage unit sends to the cth consumer.
The EPN can then be described by the following system
of equations:

PG
PG
(Λg p̂g,s )

g=1
g=1 (Λg p̂g,s )


,
=
PC
 q̂s =
γs + δ s
γs + c=1 (δs ps,c )
(14)
P
P
G
S


g=1 (Λg p̃g,c ) +
s=1 (q̂s δs ps,c )

 qc =
,
µc
PC
where ∀s ∈ S and ∀c ∈ C. In addition, c=1 ps,c = 1 and
PC
PS
c=1 p̃g,c +
s=1 p̂g,s = 1.
We want to maximize the amount of work done by the consumers per unit time in the EPN (14), or equivalently: given
{Λg |g = 1, · · · , G}, {µc |c = 1, · · · , C}, {δs |s = 1, · · · , S} and
{γs |s = 1, · · · , S},
C
X
(15)
maximize K =
(µc qc ),

after 100 iterations.
For comparison, the projected gradient algorithm in [49,
111] is also exploited for the RNN to learn the Simple dataset.
The results are given in Fig. 4, where we can see that this
algorithm is highly affected by the values of initial weights.
Comparing results in Figs. 2 and 3 and Fig. 4, we can
conclude that the heuristic LNNLS algorithm proposed in
this paper outperforms the one in [49, 111] for the RNN
learning.
Then, let us consider datasets with higher dimensions.
The numerical experiments in Fig. 5 are conducted based
on datasets with N = 50, 100, 200, 400, where the values of
inputs and desired outputs are randomly generated among
range [0, 1]. In addition, C = 1. All results (including Figs.
2 through 5) demonstrate that, by exploiting the heuristic
c=1
LNNLS algorithm, satisfactory weights can be found for the
by using {p̂g,s |g = 1, · · · , G; s = 1, · · · , S}, {p̃g,c |s =
RNN such that the RMSEs become acceptably small.
1, · · · , S; c = 1, · · · , C} and {ps,c |s = 1, · · · , S; c =
1, · · · , C}.
3. Energy distribution for energy packet networks
3.1. A simplified energy packet network
The EPN consists of G generators, S storage units and C
consumers. Before presenting the mathematical model of the
EPN, the following notations need to be clarified.
1) Let Λg , ∀g ∈ G represent the energy generation rate of
the gth generators.
2) Let δs , ∀s ∈ S represent the energy transfer rate from the
sth storage unit to other units.
3) Let γs , ∀s ∈ S represent the energy leakage rate of the
11

3.2. Optimal solutions
Two cases need to be considered. One case is that the
energy is limited. The other is that the energy is sufficient.
3.2.1. The energy is limited
P
In this case, the energy is limited such that G
g=1 Λg ≤
PC
µ
.
We
want
to
make
use
of
all
energy
and
do
not want
c=1 c
the energy to go to the storage centers because the energy will
leak without doing anything useful. So, it is reasonable to
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(a) “Zero” initial weights
Figure 5: Learning performance of the RNN equipped with the LNNLS
algorithm for datasets with N = 50, 100, 200, 400.
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longer be described by (16). The system should be described
by


 q̂s = 0
PG
(19)
g=1 (Λg p̃g,c )

}.
 qc = min{1,
µc
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From (17), we know that
PG
g=1 (Λg p̃g,c )

(b) Random initial weights

PG

g=1

(Λg p̃g,c )

.
µc 1
µc 2
So, we still have qc1 = qc2 , ∀c1 , c2 ∈ C. In this case, the
energy is sufficient such that qc = 1, ∀c ∈ C, meaning the
system is saturated.
P
PC
PC
PS
Then, K = C
set p̂g,s = 0, ∀g ∈ G, s ∈ S. Since c=1 p̃g,c + s=1 p̂g,s = 1,
c qc ) =
c=1 (µP
c=1 µc . Although much enPC
C
∗
ergy is wasted, K = c=1 µc is the optimal result for the
then c=1 p̃g,c =1. From (14), we have q̂s = 0. Then,
maximization problem (15) in this case, where the optimal

 q̂s = 0
PG
solution is also p̂g,s = 0 and p̃g,c = µc /H, ∀g ∈ G, s ∈
(16)
g=1 (Λg p̃g,c )

S, c ∈ C. In addition, ps,c ∀s ∈ S, c ∈ C can be any
.
 qc =
P
µc
non-negative value satisfying C
PC
c=1 ps,c = 1.
Let H = c=1 µc . In addition, let us set p̃g,c = µc /H, ∀c ∈
C. Then,
PG
PG
µ 
3.3. Gradient-descent algorithm
µc2 g=1 (Λg p̃g,c1 )
µc2 g=1 Λg Hc1
qc1
=
1.
(17)
=
=

PG
PG
µ
qc2
µc1 g=1 (Λg p̃g,c2 )
µc1 g=1 Λg Hc2
We can also design a gradient-descent algorithm to solve
Then, we have qc1 = qc2 , ∀c1 , c2 ∈ C.
the maximization problem (15).
Then,
First, let us define P ∈ R(SC+GC+GS)×1 as a vector that
C
C X
G
G
X
X
X
consists of p̂g,s , p̃g,c and ps,c , where
K=
(µc qc ) =
(Λg p̃g,c ) =
Λg .
(18)
P (hs,c ) = ps,c , P (h̃g,c ) = p̃g,c , P (ĥg,s ) = p̂g,s ,
c=1
c=1 g=1
g=1
PC
In addition, we also have qc ≤ 1, ∀c ∈ C since c=1 (µc qc ) = with hs,c = (s − 1)C + c, h̃g,c = SC + (g − 1)C + c and
PG
PC
ĥg,s = SC + GC + (g − 1)S + s. Then, we need to derive the
g=1 Λg ≤
c=1 µc . We can see that all energy has been
fully used (no energy is wasted). Based on the law of con- expression of ∂K/∂P such that a P -update formula can be
PG
servation of energy, we can say that K ∗ = g=1 Λg is the derived.
To simplify the derivation,
constraints
optimal result for the maximization problem (15), where
PCwe first ignore theP
C
of
P
,
which
are
P
≥
0,
p
=
1
and
c=1 s,c
c=1 p̃g,c +
the optimal solution is p̂g,s = 0 and p̃g,c = µc /H, P
S
∀g ∈ G, s ∈ S, c ∈ C. In addition, ps,c ∀s ∈ S, c ∈ C can
s=1 p̂g,s = 1. From (14), we know that
PC
∂ q̂ŝ
∂ q̂ŝ
be any non-negative value satisfying c=1 ps,c = 1.
= 0,
= 0,
∂ps,c
∂ p̃g,c
3.2.2. The energy is sufficient
∂ q̂ŝ
Λg
PG
=
, ∀ŝ = s,
In this case, the energy is sufficient such that g=1 Λg >
∂ p̂g,s
γs + δ s
PC
∂ q̂ŝ
c=1 µc . Let us set p̂g,s = 0 and p̃g,c = µc /H, ∀g ∈ G, s ∈
= 0, ∀ŝ 6= s,
S, c ∈ C. Since qc can not be larger than 1, the system can no
∂ p̂g,s
Figure 4: For comparison: learning performance of the RNN equipped
with the projected gradient algorithm in [49, 111] for the Simple dataset
under “zero” and random initial weights.
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=

P
In problem (15), we want to maximize K = C
(µ q ).
PC c=1 c c
Equivalently, we want to minimize −K = − c=1 (µc qc ). EPC
quivalently, we want to minimize V − K = V − c=1 (µc qc ),
P
where V > 0 is a constant. Let V = C
c=1 µc . Then, equivaPC
lently, we can minimize c=1 (µc − µc qc ). It means that we
want µc qc to be as close to µc as possible (or qc to be as close
to 1 as possible). Then, we can design a heuristic algorithm
as follows based on the results in Section 2.
We can obtain a linear system by substituting qc with 1
and q̂s with given parameters ys into (14). However, this
linear system may not have a unique solution. In order to
approach equality as close as possible, we can solve the following non-negative least-square problem for P :
1
(21)
minimize f (P ) = minimize kAP − bk22 ,
2
where matrix A ∈ R(S+C)×(SC+GC+GS) and vector b ∈
R(S+C)×1 are defined as
A(ĥs , hs,c ) = q̂s δs , A(ĥs , ĥg,s ) = −Λg , A(ĥs , otherwise) = 0,

Then,
P



S

∂
ŝ=1 (q̂ŝ δŝ pŝ,ĉ )
∂(µĉ qĉ )
=
= q̂s δs , ∀ĉ = c,
∂ps,c
∂ps,c
∂(µĉ qĉ )
= 0, ∀ĉ 6= c,
∂ps,c
P

G
∂
ĝ=1 (Λĝ p̃ĝ,ĉ )
∂(µĉ qĉ )
=
= Λg , ∀ĉ = c,
∂ p̃g,c
∂ p̃g,c
∂(µĉ qĉ )
= 0, ∀ĉ 6= c,
∂ p̃g,c
P

S

S 
∂
(q̂
δ
p
)
X
ŝ
ŝ
ŝ,ĉ
ŝ=1
∂ q̂ŝ
∂(µĉ qĉ )
=
=
δŝ pŝ,ĉ
∂ p̂g,s
∂ p̂g,s
∂ p̂g,s
ŝ=1

∂ q̂s
δs ps,ĉ Λg
= δs ps,ĉ
=
,
∂ p̂g,s
γs + δ s

Then,
∂K
=
∂ps,c
∂K
=
∂ p̃g,c
∂K
=
∂ p̂g,s
=

∂

P



C
ĉ=1 (µĉ qĉ )

∂p
P s,c

C
∂
(µ
q
)
ĉ=1 ĉ ĉ
∂ p̃g,c

∂

P



C
ĉ=1 (µĉ qĉ )

∂ p̂g,s


C 
X
δs ps,ĉ Λg
ĉ=1

γs + δ s

.

=

A(hc , hs,c ) = q̂s δs , A(hc , h̃g,c ) = Λg , A(hc , otherwise) = 0,

∂ (µc qc )
= q̂s δs ,
∂ps,c

=

∂ (µc qc )
= Λg ,
∂ p̃g,c

=


C 
X
∂ (µĉ qĉ )
ĉ=1

∂ p̂g,s

b(ĥs ) = −q̂s γs , b(hc ) = qc µc ,

with ĥs = s, hc = S + c, hs,c = (s − 1)C + c, h̃g,c = SC +
(g − 1)C + c and ĥg,s = SC + GC + (g − 1)S + s. Then, the
P -update formula can be
P (l+1) = P (l) − η∇f (P (l) ),
where ∇f (P (l) ) = AT (AP (l) ) − AT b, l denotes the current
number of iterations and η > 0 is the step size. In addition,
we substitute qc with 1 and q̂s with given parameters ys in
each iteration, where ys associated with q̂s are adjusted in
the algorithm. Similarly, after each iteration, we make P
satisfy the corresponding constraints with minimal adjustments. The procedure of the LNNLS algorithm for problem
(21) is similar to Algorithm 1 and thus omitted.
The final heuristic algorithm to find solutions for prob(20) lem (15) is designed based on Algorithm 1 and named as
the LNNLS algorithm with weight initialization (LNNLSW), where the procedure is similar to Algorithm 2.

Then, the P -update formula can be
∂K
p(l+1)
= p(l)
= p(l)
s,c
s,c + η
s,c + η q̂s δs ,
∂ps,c
∂K
p̃(l+1)
= p̃(l)
= p̃(l)
g,c + ηΛg ,
g,c
g,c + η
∂ p̃g,c

C 
X
∂K
δs ps,c Λg
(l)
(l)
p̂(l+1)
=
p̂
+
η
=
p̂
+
η
,
g,s
g,s
g,s
∂ p̂g,s
γs + δ s
c=1
where l denotes the current number of iterations and η > 0
is the step size. After each iteration, we make P satisfy
the corresponding constraints with minimal adjustments via
linear normalization or other techniques.
Remark 1. Since we do not integrate the constraints of P
into the derivation of the expression of ∂K/∂P , the solutions
found by the the P -update formula (20) may not be optimal.
However, the solutions are close to the optimal solutions.
Note that, since the step size η is fixed during the iterative
procedure, it should be set as a small value, such as 0.5, to
avoid oscillations.

3.5. Numerical results
The following numerical experiments are conducted to verify the analytic optimal solutions and results and test the
performance of the algorithms. All results are summarized into Table 2. Note that we consider only the case
that the energy is limited.

3.5.1. G = 2, S = 2 and C = 2
Let us consider a simple EPN (14) with G = 2, S = 2
and C = 2. We know that Λ1 = 0.07, Λ2 = 0.08, µ1 = 1,
µ2 = 10, δ1 = 0.19, δ2 = 0.2, γ1 = 0.01 and γ2 = 0.05.
First, we use the analytic optimal solution in Subsection
3.2.1. The numerical result K = 0.15, which is the same as
3.4. A heuristic algorithm: line-search aided non-negative the analytic optimal result K ∗ = 0.15.
least-square algorithm with weight initialization
Since the dimension of P is small, we can randomly select
In this subsection, we design a heuristic algorithm based on the values of P for many trials (e.g., 20000 trials) to find an
the results in Section 2, hoping to find acceptable solutions nearly optimal solution. Fig. 6 presents the values of K in
to the maximization problem (15).
these 20000 trials. The best result is K = 0.1496.
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Figure 6: Values of K of the EPN (14) with G = 2, S = 2 and C = 2
using randomly generated P for energy distribution.

Figure 7: Values of K of the EPN (14) with G = 2, S = 2 and C = 2
using the gradient algorithm for energy distribution.
0.151

0.1505

K

Fig. 7 presents the results by using the gradient algorithm,
where the number of iterations is 100. The best result is
K = 0.1417, which is close to the optimal result K ∗ = 0.15.
Fig. 8 presents the results by using the heuristic LNNLSW, where L = 5 and Z = 20. The best result is K = 0.15,
which is the same as the optimal result K ∗ = 0.15.

0.15

0.1495

0.149
0

3.5.2. G = 10, S = 5 and C = 16
Let us consider an EPN (14) with G = 10, S = 5 and
C = 16, where Λg , δs and γs with ∀g ∈ G, s ∈ S are randomly generated in the ranges of [0, 0.2], [0, 1] and [0, 0.1],
respectively. In addition, we assume that the consumers differ from each other significantly. So, we set µc =
1 + 9(c − 1)/(C − 1), ∀c ∈ C.
First, we use the analytic optimal solution in Subsection
3.2.1. The numerical result K = 1.0931,
P which is the same
as the analytic optimal result K ∗ = 10
g=1 Λg .
We then randomly select the values of P for 20000 trials.
However, since the dimension of P is not small, an nearly
optimal solution may not be found. In these 20000 trials,
the best result is K = 1.0756.
Fig. 9 presents the results by using the gradient algorithm,
where the number of iterations is 100. The best result is
K = 1.0684.
Fig. 10 presents the results by using the heuristic LNNLSW, where L = 5 and Z = 20. The best result is K = 1.0931,
which is the same as K ∗ .
More results are given in Table 2. In all cases except the
case of G = 2, S = 2 and C = 2, Λg , δs and γs with ∀g ∈
G, s ∈ S are randomly generated in the ranges of [0, 0.2], [0, 1]
and [0, 0.1], respectively, while µc = 1 + 9(c− 1)/(C − 1), ∀c ∈
C. We can see that, among the algorithms, the the heuristic
LNNLS-W performs the best.
3.6. An EPN with disconnections
Suppose C1 consumers are too far to get energy directly from the generators (or say, these consumers are disconnected from the generators), where 0 < C1 < C. Let
C2 = C − C1 . The EPN can then be described by the fol14
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Figure 8: Values of K of the EPN (14) with G = 2, S = 2 and C = 2
using the LNNLS algorithm with weight initialization for energy distribution.

lowing system of equations:

PG


g=1 (Λg p̂g,s )


q̂s =
PC1
PC


γs + c1 =1 (δs p̄s,c1 ) + c22=1 (δs ps,c2 )




PG



 = g=1 (Λg p̂g,s ) ,
PSγs + δs


(q̂s δs p̄s,c1 )


q̄c1 = s=1
,



µ̄c1

P
PS

G



g=1 (Λg p̃g,c2 ) +
s=1 (q̂s δs ps,c2 )

q
=
,
 c2
µc 2

(22)

where
S, ∀c1 ∈ C1 and ∀c
PC1 ∀s ∈ P
P2C2 ∈ C2 . In
PSaddition,
C2
p̄
+
p
=
1
and
p̃
+
c1 =1 s,c1
c2 =1 s,c2
c2 =1 g,c2
s=1 p̂g,s =
1.
We want to maximize the amount of work done by the
consumers per unit time in the EPN (22), or equivalently:
given {Λg |g = 1, · · · , G}, {µ̄c1 |c1 = 1, · · · , C1 }, {µc2 |c2 =
1, · · · , C2 }, {δs |s = 1, · · · , S} and {γs |s = 1, · · · , S},
maximize K =

C1
X

(µ̄c1 qc1 ) +

c1 =1

C2
X

(µc2 qc2 ),

(23)

c2 =1

by using {p̂g,s |g = 1, · · · , G; s = 1, · · · , S}, {p̃g,c2 |g =
1, · · · , G; c2 = 1, · · · , C2 }, {p̄s,c1 |s = 1, · · · , S; c1 =
1, · · · , C1 } and {ps,c2 |s = 1, · · · , S; c2 = 1, · · · , C2 }.
3.7. Optimal solutions
Two cases need to be considered. One case is that the
energy is limited. The other is that the energy is sufficient.

Table 2: K ∗ and the best K found by using different algorithms for energy distribution of the EPN (14) with different G, S and C

(G,S,C)
(2, 2, 2)
(10, 5, 16)
(10, 10, 30)
(20, 10, 60)
(100, 100, 300)

K∗
0.1500
1.0931
1.0976
1.8948
9.0363

Optimal
0.1500
1.0931
1.0976
1.8948
9.0363

Random
0.1496
1.0756
1.0702
1.8565
N/A
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1.067
1.066
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Figure 9: Values of K of the EPN (14) with G = 10, S = 5 and C = 16
using the gradient algorithm for energy distribution.

C2 X
G
X

(µc2 qc2 ) =

(Λg p̃g,c2 ) =

c2 =1 g=1

G
X

Λg .

(25)

g=1

PG
We can say that K ∗ =
g=1 Λg is the optimal result for
the problem (23), where the optimal solution is p̂g,s = 0
and p̃g,c2 = µc2 /H2 , ∀g ∈ G, s ∈ S, c2 ∈ C2 . In addition, p̄s,c1 , ps,c2 ∀s ∈ S, c1 ∈ C1 , c2 ∈ C2 can be any nonPC2
P 1
negative value satisfying C
c2 =1 ps,c2 = 1.
c1 =1 p̄s,c1 +
3.7.2. The energy is sufficient
P 2
In this case, the energy is sufficient such that C
c2 =1 µc2 <
PG
PC2
c2 =1 µc2 + Υs1 , where s1 = arg mins Υs =
g=1 Λg ≤
arg mins (γs + δs ) with s ∈ S. First, we use part of the
P
energy to make qc2 = 1, ∀c2 ∈ C2 . Let B = G
g=1 Λg . Let
us set p̃g,c2 = µc2 /B, ps,c2 = 0 ∀g ∈ G, s ∈ S, c2 ∈ C2 . Then,
from (22),

1.0935
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1.0925

K

C2
X

c2 =1
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1.0915
1.091
1.0905
0

LNNLS
0.1500
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1.0976
1.8948
9.0363

P
PC2
Since G
c2 =1 µc2 , we have qc2 ≤ 1, ∀c2 ∈ C2 .
g=1 Λg ≤
Then,
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Figure 10: Values of K of the EPN (14) with G = 10, S = 5 and
C = 16 using the LNNLS algorithm with weight initialization for energy
distribution.

3.7.1. The energy is limited
PG
In this case, the energy is so limited that
g=1 Λg ≤
PC2
c2 =1 µc2 . Let us set p̂g,s = 0, ∀g ∈ G, s ∈ S. Since
PS
PC2
PC
2
s=1 p̂g,s = 1, then
c2 =1 p̃g,c2 = 1. Then,
c2 =1 p̃g,c2 +
the system (22) becomes

q̂s = 0,




q̄c1 = 0,
(24)
PG


g=1 (Λg p̃g,c2 )

 qc2 =
.
µc 2
P 2
Let H2 = C
c2 =1 µc2 . In addition, let us set
p̃g,c2 =

µc 2
, ∀c2 ∈ C2 .
H2

Then, we have

Λg

µc 2

µc2
B



= 1, ∀c2 ∈ C2 .

PC2
c2 =1 (µc2 qc2 ) =
c2 =1 µc2 = H2 .
PC1
Let H =
c1 =1 µ̄c1 . We then set p̄s,c1 = µ̄c1 /H, ∀s ∈
S, c1 ∈ C1 . Then, each q̄c1 , ∀c1 ∈ C1 is equal to each other.
PC
If q̄c1 < 1, ∀c1 ∈ C1 , in view of c11=1 p̄s,c1 = 1 and (22),
then
C1
X

(µ̄c1 q̄c1 ) =

c1 =1

=

C1 X
S
X

(q̂s δs p̄s,c1 )

c1 =1 s=1

C1 X
S
X

c1 =1 s=1

PG

g=1

(Λg p̂g,s )

γs /δs + 1

p̄s,c1

!

=

PG

S
X

g=1

(Λg p̂g,s )

γs /δs + 1

s=1

!

.

PC1
To find a maximal value of
c1 =1 (µ̄c1 q̄c1 ), it is reasonable to make the denominators as large as possible while
the
small as possible.P In addition, we know
PC2numerators
Pas
S
S
p̃
+
g,c
2
c2 =1
s=1 p̂g,s = H2 /B +
s=1 p̂g,s = 1. We then
set p̂g,smin = (B−H2 )/B with smin = arg mins (γs /δs ), ∀s ∈ S
and p̂g,s = 0 with s ∈ S and s 6= smin . Then,
(µ̄c1 q̄c1 ) =

c1 =1

15

g=1

PC2

And,

C1
X

qc2 = qc̃2 , ∀c1 , c̃2 ∈ C2 .

PG

PG

g=1

(Λg (B − H2 )/B)

γsmin /δsmin + 1

=

B − H2
.
γsmin /δsmin + 1

P̄˜n (m) with ∀m ∈ M, n ∈ N respectively denote the current
state and best state of the nth particle in the mth swarm.
Let P̄ (best) denote the best P̄ found so far. Assume that
κn ∼ U (0, 1) and κ̂n ∼ U (0, 1) with ∀n ∈ N are uniform
random sequences in the range (0, 1), which will be updated
after each iteration, then, the state-update formula can be

Then,
K∗ =

C1
X

(µ̄c1 q̄c1 ) +

c1 =1

=

C2
X

(µc2 qc2 )

c2 =1

C2
X
B − H2
+
µc , if q̄c1 < 1, ∀c1 ∈ C1 ,
γsmin /δsmin + 1 c =1 2

(l+1)
P̄n(l+1) (m) = P̄n(l+1) (m) + vn,m
,

2

or

(28)

where
K∗ =

C1
X

c1 =1

µ̄c1 +

C2
X

c2 =1

µc2 , if q̄c1 = 1, ∀c1 ∈ C1 ,

(26)

may be the optimal result for the maximization problem (23),
where the optimal solution is p̃g,c2 = µc2 /B, ps,c2 = 0
∀g ∈ G, s ∈ S, c2 ∈ C2 , p̂g,smin = (B − H2 )/B with smin =
arg mins (γs /δs ), ∀s ∈ S and p̂g,s = 0 with s ∈ S and
s 6= smin . In addition, p̄s,c1 = µ̄c1 /H, ∀s ∈ S, c1 ∈ C1 .
Remark 2. If C1 = C, the system becomes
PG

(Λg p̂g,s )


 q̂s = g=1
γ
P S s + δs


 q̄c1 = s=1 (q̂s δs p̄s,c1 ) .
µ̄c1

(l+1)
(l)
(l)
˜ (l)
vn,m
=ωvn,m
+ 2κ(l)
n (P̄n (m) − P̃n (m))
(best)
+ 2κ̄(l)
(m) − P̄n(l) (m)),
n (P̄

ω is called the inertia weight and setup to vary from 1 to near
0 during the search process, l denotes the current number of
iterations. The CPSO-S algorithm for solving problem (23)
is similar to the one in [105] and thus omitted here.
Remark 4. The CPSO-S algorithm performs well in solving
the problem (23). But, it requires solving the system (22) for
3M N times in a single iteration, which can be quite timeconsuming when dealing with a system with high dimensions.

(27) 3.9. A heuristic algorithm: LNNLS-W
To avoid text repetition, the following presents briefly
how a heuristic algorithm named as the LNNLS-W used to
find solutions for the maximization problem (23) is designed
Then, the optimal result may be K ∗ = Bδsmin /(γsmin + δsmin )
based on the design procedure in Subsection 3.4.
P
C
if q̄c1 < 1, ∀c1 ∈ C1 or K ∗ = c11=1 µ̄c1 if q̄c1 = 1, ∀c1 ∈ C1 ,
From (22), the following non-negative least-square probwhere the optimal solution is p̂g,smin = 1 with smin = lem is first presented:
arg mins (γs /δs ), ∀s ∈ S and p̂g,s = 0 with s ∈ S and
1
s 6= smin . In addition, p̄s,c1 = µ̄c1 /H ∀s ∈ S, c1 ∈ C1 .
minimize f¯(P̄ ) = minimize kĀP̄ − b̄k22 ,
2
Remark 3. It can be complicate to analyze the optimal re- where matrix Ā ∈ R(S+C)×(SC+GC2+GS) and vector b̄ ∈
sult and optimal solution for the maximization problem (23) R(S+C)×1 are defined as
PG
PC
if the energy is sufficient such that g=1 Λg > c22=1 µc2 +
Ā(ĥs , h1s,c1 ) = Ā(ĥs , h2s,c1 ) = q̂s δs ,
Υs1 with s1 = arg mins (γs + δs ), ∀s ∈ S. In this case, designing an optimization algorithm to find approximate solutions
Ā(ĥs , ĥg,s ) = −Λg , Ā(ĥs , otherwise) = 0,
may be a more practical choice.
Ā(h , h
) = Ā(h , h
) = q̂ δ ,
1c1

1s,c1

2c2

2s,c2

s s

Ā(h1c1 , otherwise) = 0,
3.8. Cooperative particle swarm optimizer
Ā(h2c2 , h̃g,c2 ) = Λg , Ā(h2c2 , otherwise) = 0,
It can be difficult to apply the gradient algorithm to solving the maximization problem (23). Thus, we choose to use a
b̄(ĥs ) = −q̂s γs , b̄(h1c1 ) = q̄c1 µ̄c1 , b̄(h2c2 ) = qc2 µc2 ,
simply yet effective algorithm, term the cooperative particle
swarm optimizer (or namely, the CPSO-S algorithm) in [105] with ĥs = s, h1c1 = S + c1 and h2c2 = S + C1 + c2 , ∀c1 ∈
that is first introduced by Van den Bergh and Engelbrecht C1 , c2 ∈ C2 . To solve the above non-negative least-square
[108].
problem, the P̄ -update formula can be
First, let us define P̄ ∈ R(SC+GC2 +GS)×1 as a vector that
P̄ (l+1) = P̄ (l) − η∇f¯(P̄ (l) ),
consists of p̂g,s , p̃g,c1 , p̄s,c1 and ps,c2 , where
where ∇f¯(P̄ (l) ) = ĀT (ĀP̄ (l) ) − ĀT b̄, l denotes the current
P̄ (h1s,c1 ) = p̄s,c1 , P̄ (h2s,c2 ) = ps,c2 ,
number of iterations and η > 0 is the step size. In addition,
we substitute q̄c1 , qc2 with 1 and q̂s with given parameters ys
P̄ (h̃g,c2 ) = p̃g,c2 , P̄ (ĥg,s ) = p̂g,s ,
in each iteration, where ys associated with q̂s are adjusted in
with h1s,c1 = (s − 1)C1 + c1 , h2s,c2 = SC1 + (s − 1)C2 + c2 , the algorithm. After each iteration, we make P̄ satisfy the
h̃g,c2 = SC +(g−1)C2 +c2 and ĥg,s = SC +GC2 +(g−1)S+s. corresponding constraints with minimal adjustments.
Let M = SC + GC2 + GS and N respectively denote the
The detailed procedure of the heuristic LNNLS-W for solvnumber of swarms and the number of particles in each swarm, ing problem (23) is similar to Algorithm 2 and thus omitted
where N is selected by the algorithm user. Let P̄n (m) and here.
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Remark 5. Initial values of the parameters ys with s =
1, · · · , S affect the performance of this algorithm for solving problem (23). Multi trials with different initial ys can be
conducted to find better results.

that the total energy provision rate for any given storage unit
will be bounded in some way:
q̂s

c=1

3.10. Numerical results
In this subsection, µ̄c1 = 1 + 9(c1 − 1)/(C1 − 1), ∀c1 ∈ C1 ,
µc2 = 1 + 9(c2 − 1)/(C2 − 1), ∀c2 ∈ C2 , C1 > 1, C2 > 1. In
addition, δs and γs with ∀s ∈ S are randomly generated in
the ranges of [8, 10] and [1, 2], respectively.
3.10.1. The energy is limited
PG
PC
In this case, g=1 Λg ≤ c22=1 µc2 = H2 and Λg , ∀g ∈ G
is randomly generated in the range of [0, H2 /G].
Table 3 summaries the results by using the optimal solutions in Subsection 3.7.1, the randomly-generated solutions
(20000 trials), the CPSO algorithm (L = 50, N = 3) and the
heuristic LNNLS-W (L = 1, Z = 100 and 100 trials) to solve
problem (23).
3.10.2. The energy is sufficient
PG
In this case, H2 <
g=1 Λg ≤ H2 + Υs1 with s1 =
arg mins (γs + δs ), ∀s ∈ S and Λg , ∀g ∈ G is randomly generated in the range of [H2 /G, (H2 + Υs1 )/G].
Table 4 summaries the results by using the randomlygenerated solutions (20000 trials), the CPSO algorithm (L =
50, N = 3) and the heuristic LNNLS-W (L = 1, Z = 100 and
10 trials) to solve problem (23).
3.10.3. The energy is more sufficient
PG
In this case, g=1 Λg > H2 + Υs1 with s1 = arg mins (γs +
δs ), ∀s ∈ S and Λg , ∀g ∈ G is randomly generated in the
PS
range of [(H2 + Υs1 )/G, (H2 + s=1 (γs + δs ))/G].
Table 5 summaries the results by using the optimal solutions in Subsection 3.7.2, the randomly-generated solutions
(20000 trials), the CPSO algorithm (L = 50, N = 3) and the
LNNLS algorithm with weight initialization (L = 1, Z = 100
and 10 trials) to solve problem (23).

The EPN that provides energy on demand can be described by the system of equations:




 qc =

g=1 (Λg p̂g,s )

,
γ + c=1 (qc µc rc,s φs,c ps,c )
PsS
PG
s=1 (q̂s qc µc rc,s φs,c ps,c ) +
g=1 (Λg p̃g,c )
µc

We want to maximize the amount of work done by the consumers per unit time in the EPN (29), or equivalently: given
{Λg |g = 1, · · · , G}, {µc |c = 1, · · · , C}, {γs |s = 1, · · · , S} and
{Γs |s = 1, · · · , S},
maximize K =

C
X

(µc qc ),

(30)

c=1

by using {p̂g,s |g = 1, · · · , G; s = 1, · · · , S}, {p̃g,c |g =
1, · · · , G; c = 1, · · · , C}, {ps,c |s = 1, · · · , S; c = 1, · · · , C},
{rc,s |c = 1, · · · , C; s = 1, · · · , S} and φs,c |s = 1, · · · , S; c =
1, · · · , C} with constraints p̂g,s , p̃g,c , ps,c , rc,s , φs,c ≥ 0,
PC
PC
PS
PS
s,c ≤ 1,
c=1 pP
c=1 p̃g,c +
s=1 p̂g,s = 1,
s=1 rc,s ≤ 1
C
and q̂s c=1 qc µc rc,s φs,c ps,c ≤ Γs .
3.12. Optimal solutions

Two cases need to be considered.
PG
In the first case, the energy is limited such that g=1 Λg ≤
PC
view of the analysis in Subsection 3.2.1, we know
c=1 µc . InP
that K ∗ = G
g=1 Λg is the optimal result for the maximization problem (30).
the second
PIn
PC case, the energy is sufficient
PC such that
G
∗
Λ
>
µ
.
We
know
that
K
=
g
c
g=1
c=1
c=1 µc is the
optimal result for the maximization problem (30).
Note that in both cases, the optimal solution is p̂g,s = 0
P
and p̃g,c = µc /H with H = C
c=1 µc , ∀g ∈ G, s ∈ S, c ∈ C.
In addition, ps,c and rc,s , ∀s ∈ S, c ∈ C can be any nonPC
PS
negative value satisfying c=1 ps,c ≤ 1 and s=1 rc,s ≤
1, while φs,c , ∀s ∈ S, c ∈ C can be any positive valPC
ue since q̂s c=1 qc µc rc,s φs,c ps,c ≤ Γs always holds with
q̂s = 0.
3.13. Cooperative particle swarm optimizer

P̃ (hs,c ) = ps,c , P̃ (h̃g,c ) = p̃g,c , P̃ (ĥg,s ) = p̂g,s ,
¯ )=φ ,
P̃ (h̄ ) = r , P̃ (h̄
c,s

PG

PC

qc µc rc,s φs,c ps,c ≤ Γs .

First, let us define P̃ ∈ R(3SC+GC+GS)×1 as a vector that
consists of p̂g,s , p̃g,c , ps,c , rc,s and φs,c , where

3.11. A system that provides energy on demand





 q̂s =

C
X

,

(29)
PS
with ∀s ∈ S, c ∈ C, the request probabilities s=1 rc,s ≤ 1,
PC
the allocation probabilities c=1 ps,c ≤ 1, and the allocation
fractions φs,c which may be greater than or smaller than one,
depending on how a particular storage unit reacts to the requests from a specific consumer. In particular, we will expect
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c,s

s,c

s,c

with ∀s ∈ S, c ∈ C, g ∈ G, hs,c = (s − 1)C + c, h̃g,c =
SC +(g −1)C +c, ĥg,s = SC +GC +(g −1)S +s, h̄c,s = SC +
¯ = 2SC +GC +GS(s−1)C +c.
GC +GS +(s−1)C +c and h̄
s,c
Let M = 3SC + GC + GS and N respectively denote the
number of swarms and the number of particles in each swarm,
where N is selected by the algorithm user. Let P̃n (m) and
P̃¯n (m) with ∀m ∈ M, n ∈ N respectively denote the current
state and best state of the nth particle in the mth swarm.
Let P̃ (best) denote the best P̃ found so far. Assume that

Table 3: K ∗ and the best K found by using different algorithms for energy distribution of the EPN (22) with different G, S, C1 and C2 when
the energy is limited

K∗
7.3110
14.6502
38.3693
68.3396
416.1667

(G, S, C1 , C2 )
(2, 2, 2, 2)
(10, 5, 8, 8)
(10, 10, 15, 15)
(20, 10, 30, 30)
(100, 10, 150, 150)

Optimal
7.3110
14.6502
38.3693
68.3396
416.1667

Random
7.0086
14.0626
36.1363
65.2869
N/A

CPSO-S
7.3110
14.6498
38.3254
68.3377
N/A

LNNLS
7.3110
14.6502
38.3693
68.3396
416.1667

Table 4: K ∗ and the best K found by using different algorithms for energy distribution of the EPN (22) with different G, S, C1 and C2 when
the energy is sufficient

(G, S, C1 , C2 )
(2, 2, 2, 2)
(10, 5, 8, 8)
(10, 10, 15, 15)
(20, 10, 30, 30)
(100, 10, 150, 150)

K∗
15.4128
48.6020
86.2535
168.4479
828.9338

Optimal
15.4128
48.6020
86.2535
168.4479
828.9338

Random
14.4421
42.7710
74.8169
142.1887
N/A

CPSO-S
15.2019
48.3117
85.7801
168.0898
N/A

LNNLS
15.3463
48.4840
86.1077
168.3106
828.6729

κn ∼ U (0, 1) and κ̂n ∼ U (0, 1) with ∀n ∈ N are uniform
Based on Section 3.4, a heuristic algorithm named as
random sequences in the range (0, 1), which will be updated LNNLS-W can also be designed. First, the following nonafter each iteration, then, the state-update formula can be
negative least-square problem is presented:
(l+1)
P̃n(l+1) (m) = P̃n(l+1) (m) + vn,m
,

(31)

where
(l+1)
vn,m

(l)
=ωvn,m

+

¯ (l)
2κ(l)
n (P̃n (m)

−

1
minimize fˆ(P̂ ) = minimize kÂP̂ − b̂k22 ,
2

(33)

where matrix Â ∈ R(S+C)×(SC+GC+GS) and vector b̂ ∈
R(S+C)×1 are defined as

P̃n(l) (m))

(best)
+ 2κ̄(l)
(m) − P̃n(l) (m)),
n (P̃

Â(ĥs , hs,c ) = q̂s qc µc , Â(ĥs , ĥg,s ) = −Λg , Â(ĥs , otherwise) = 0,

Â(hc , hs,c ) = q̂s qc µc , Â(hc , h̃g,c ) = Λg , Â(hc , otherwise) = 0,
ω is called the inertia weight and setup to vary from 1 to near
0 during the search process, l denotes the current number of b̂(ĥs ) = −q̂s γs , b̂(hc ) = qc µc ,
iterations. The CPSO-S algorithm for solving problem (30)
with ∀s ∈ S, c ∈ C, g ∈ G, ĥs = s, hc = S + c, hs,c =
is similar to the one in [105] and thus omitted here.
(s − 1)C + c, h̃g,c = SC + (g − 1)C + c and ĥg,s = SC + GC +
(g − 1)S + s. To solve problem (33), the P̂ -update formula
3.14. A heuristic algorithm: LNNLS-W
can be
First, let us define χs,c = rc,s φs,c ps,c . Then, the system of
P̂ (l+1) = P̂ (l) − η∇fˆ(P̂ (l) ),
equations (29) can be rewritten as
where

PG
∇fˆ(P̂ (l) ) = ÂT (ÂP̂ (l) ) − ÂT b̂,
(Λ
p̂
)

g
g,s
g=1


,
 q̂s =
PC
γ + c=1 (qc µc χs,c )
(32) l denotes the current number of iterations and η > 0 is the
PsS
PG

step size. In addition, we substitute qc with 1 and q̂s with
(q̂
q
µ
χ
)
+
(Λ
p̃
)

s c c s,c
g g,c
g=1

 qc = s=1
.
given parameters ys in each iteration, where ys associated
µc
with q̂s are adjusted in the algorithm. After each iteration,
PC
we
make P̂ satisfy the corresponding constraints with minIn addition, the constrain of q̂s c=1 qc µc rc,s φs,c ps,c ≤ Γs
PC
imal
adjustments. The detailed procedure of the heuristic
becomes q̂s c=1 qc µc χs,c ≤ Γs .
LNNLS-W
for the problem (30) is given in Algorithm 4.
Then, let us define P̂ ∈ R(SC+GC+GS)×1 as a vector that
consists of p̂g,s , p̃g,c and χs,c , where
Remark 6. A caveat here is that Algorithm 4 is only effective under the condition that χs,c that makes rc,s , φs,c and
P̂ (hs,c ) = χs,c , P̂ (h̃g,c ) = p̃g,c , P̂ (ĥg,s ) = p̂g,s ,
ps,c a whole can be defined. Algorithm 4 does not adjust rc,s
and pc,s in the whole searching process, which simplifies the
with ∀s ∈ S, c ∈ C, g ∈ G, hs,c = (s − 1)C + c, h̃g,c = process.
SC + (g − 1)C + c and ĥg,s = SC + GC + (g − 1)S + s.
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Table 5: K ∗ and the best K found by using different algorithms for energy distribution of the EPN (22) with different G, S, C1 and C2 when
the energy is more sufficient

(G, S, C1 , C2 )
(2, 2, 2, 2)
(10, 5, 8, 8)
(10, 10, 15, 15)
(20, 10, 30, 30)
(100, 10, 150, 150)

K∗
N/A
N/A
N/A
N/A
N/A

Optimal
N/A
N/A
N/A
N/A
N/A

Random
21.6368
56.0484
101.2606
176.4236
N/A

CPSO-S
22.0000
68.6422
123.6435
220.0482
N/A

LNNLS
22.0000
69.7767
125.8052
222.4845
1285.6231

b1 , b2 , b3 ∈ R(S+C)×1 are defined as

Algorithm 4 LNNLS-W for solving (30)
Use Algorithm 2 to obtain P̂ (best) ;
(best)
rc,s ← 1/S, ∀c ∈ C, s ∈ S;
(best)
ps,c ← 1/C, ∀s ∈ S, c ∈ C;
(best)
(best)
(best) (best)
φs,c ← χc,s /(rc,s ps,c ), ∀s ∈ S, c ∈ C.

A1 (ĥs , hs,c ) = q̂s qc µc rc,s φs,c ,
A2 (ĥs , hs,c ) = q̂s qc µc φs,c ps,c ,
A3 (ĥs , hs,c ) = q̂s qc µc rc,s ps,c ,
A1 (ĥs , ĥg,s ) = A2 (ĥs , ĥg,s ) = A3 (ĥs , ĥg,s ) = −Λg ,
A1 (ĥs , otherwise) = A2 (ĥs , otherwise)

3.15. Another heuristic algorithm: multi line-search aided
non-negative least-square algorithm with weight initialization

= A3 (ĥs , otherwise) = 0,
A1 (hc , hs,c ) = q̂s qc µc rc,s φs,c ,
A2 (hc , hs,c ) = q̂s qc µc φs,c ps,c ,
A3 (hc , hs,c ) = q̂s qc µc rc,s ps,c ,
A1 (hc , h̃g,c ) = A2 (hc , h̃g,c ) = A3 (hc , h̃g,c ) = Λg ,

In this subsection, we generalize the heuristic LNNLS-W
and design another similar but more general heuristic algorithm, named as multi line-search aided non-negative leastsquare algorithm with weight initialization (MLNNLS-W).

A1 (hc , otherwise) = A2 (hc , otherwise)
= A3 (hc , otherwise) = 0,
b1 (ĥs ) = b2 (ĥs ) = b3 (ĥs ) = −q̂s γs ,

b1 (hc ) = b2 (hc ) = b3 (hc ) = qc µc ,
First, let us define P1 , P2 , P3 ∈ R(SC+GC+GS)×1 as vectors
that consist of p̂g,s , p̃g,c , ps,c , rc,s and φs,c , where
with ∀s ∈ S, c ∈ C, g ∈ G, ĥs = s, hc = S + c, hs,c =
(s − 1)C + c, h̃g,c = SC + (g − 1)C + c and ĥg,s = SC + GC +
(g − 1)S + s.
P1 (hs,c ) = ps,c , P2 (hs,c ) = rc,s , P3 (hs,c ) = φs,c ,
Then, the update formulas of P1 , P2 and P3 can be
P1 (h̃g,c ) = P2 (h̃g,c ) = P3 (h̃g,c ) = p̃g,c ,
(l+1)
(l)
(l)
P1
= P1 − η∇f (P1 ),
P1 (ĥg,s ) = P2 (ĥg,s ) = P3 (ĥg,s ) = p̂g,s ,
(l+1)

P2
with ∀s ∈ S, c ∈ C, g ∈ G, hs,c = (s − 1)C + c, h̃g,c =
SC + (g − 1)C + c and ĥg,s = SC + GC + (g − 1)S + s.
Then, based on Section 3.4, the following three nonnegative least-square problems are presented based on the
system of equations (29):

(l+1)

P3
where

(l)

(l)

(l)

(l)

= P2 − η∇f (P2 ),
= P3 − η∇f (P3 ),

(l)

(l)

(l)

(l)

(l)

(l)

T
∇f1 (P1 ) = AT
1 (A1 P1 ) − A1 b1 ,
T
∇f2 (P2 ) = AT
2 (A2 P2 ) − A2 b2 ,
T
∇f3 (P3 ) = AT
3 (A3 P3 ) − A3 b3 ,

l denotes the current number of iterations and η > 0 is the
step size. In addition, we substitute qc with 1 and q̂s with
given parameters ys in each iteration, where ys associated
with q̂s are adjusted in the algorithm. After each iteration,
we make P1 , P2 and P3 satisfy the corresponding constraints
with minimal adjustments.
Finally, the more general heuristic algorithm (the
MLNNLS-W) for solving the problem (30) can be designed
and vector with the procedure given in Algorithm 5.

1
kA1 P1 − b1 k22 ,
2
1
minimize f2 (P2 ) = minimize kA2 P2 − b2 k22 ,
2
1
minimize f3 (P3 ) = minimize kA3 P3 − b3 k22 ,
2
minimize f1 (P1 ) = minimize

where matrix A1 , A2 , A3 ∈ R(S+C)×(SC+GC+GS)
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Algorithm 5 The MLNNLS algorithm with weight initialization
(1)
(1)
(1)
Initialize P1 , P2 , P3 and ys , ∀s ∈ S;
(best)
(1)
(best)
(1)
(best)
(1)
P1
← P1 , P2
← P2 , P3
← P3 , x ← 1;
while x ≤ X do
(best)
(1)
(best)
use Algorithm 2 to obtain P1
with P1 , rc,s ,
(best)
φs,c and ys , ∀s ∈ S, c ∈ C;
(best)
solve (29) using P1
for qs , ∀s ∈ S;
(1)
(best) (1)
(best) (1)
(best)
ps,c ← ps,c , p̃g,c ← p̃g,c , p̂g,s ← p̂g,s , ys ←
qs , ∀s ∈ S, c ∈ C, g ∈ G;
(best)
(1)
(best)
use Algorithm 2 to obtain P2
with P2 ps,c ,
(best)
φs,c and ys , ∀s ∈ S, c ∈ C;
(best)
solve (29) using P2
for qs , ∀s ∈ S;
(1)
(best) (1)
(best) (1)
(best)
rc,s ← rc,s , p̃g,c ← p̃g,c , p̂g,s ← p̂g,s , ys ←
qs , ∀s ∈ S, c ∈ C, g ∈ G;
(best)
(1)
(best)
use Algorithm 2 to obtain P3
with P3 , ps,c ,
(best)
rc,s
and ys , ∀s ∈ S, c ∈ C;
(best)
solve (29) using P1
for qs , ∀s ∈ S;
(1)
(best) (1)
(best) (1)
(best)
φs,c ← φs,c , p̃g,c ← p̃g,c , p̂g,s ← p̂g,s , ys ←
qs , ∀c ∈ C, s ∈ S;
x ← x + 1;
end while

the system of equations:


C1
G
X
X




q̂
=
(Λ
p̂
)
/
γ
+
(q̄c1 µ̄c1 r̄c1 ,s φ̄s,c1 p̄s,c1 )

s
g
g,s
s



g=1
c

1 =1




C2

X



+
(qc2 µc2 rc2 ,s φs,c2 ps,c2 ) ,


PcS2 =1


(q̂s q̄c1 µ̄c1 r̄c1 ,s φ̄s,c1 p̄s,c1 )


q̄c1 = s=1
,



µ̄c1

P
PG

S



s=1 (q̂s qc2 µc2 rc2 ,s φs,c2 ps,c2 ) +
g=1 (Λg p̃g,c2 )

 qc2 =
,
µc 2

(34)
with
∀s
∈
S,
c
∈
C
,
c
∈
C
,
the
request
probabilities
1
1
2
2
PS
PS
1 ,s ≤ 1 and
s=1 r̄cP
s=1 rc2 ,s ≤ 1, the allocation probabilities C
(p̄
+
p
s,c
s,c
1
2 ) ≤ 1, and the allocation fractions
c=1
φ̄s,c1 , φs,c2 which may be greater than or smaller than one,
depending on how a particular storage unit reacts to the requests from a specific consumer. In particular, we will expect
that the total energy provision rate for any given storage unit
will be bounded in some way:
q̂s

X
C1

+
3.16. Numerical results

(q̄c1 µ̄c1 r̄c1 ,s φ̄s,c1 p̄s,c1 )

c1 =1

C2
X

(35)


(qc2 µc2 rc2 ,s φs,c2 ps,c2 ) ≤ Γs .

c2 =1

For reading convenience, numerical results are
summarized into Table 6. Note that we consider only
the case that the energy is limited.
When G = 2, S = 2 and C = 2, Λ1 = 0.07, Λ2 = 0.08,
µ1 = 1, µ2 = 10, γ1 = 0.01, γ2 = 0.05, Γ1 = 6 and Γ2 = 8.
In all other cases, µc = 1 + 9(c − 1)/(C − 1), ∀c ∈ C, Λg , γs
and Γs with ∀g ∈ G, s ∈ S are randomly generated in the
ranges of [0, 1], [0, 0.5] and [5, 10], respectively. These results
in Table 6 have well verified the analytic optimal solutions
and demonstrated the efficacy of the algorithms for energy
distribution of EPN (29). In addition, all three algorithms
can be good choices for the EPN with low dimensions (small
G, S and C), while the heuristic algorithms, i.e., the LNNLSW and MLNNLS-W, are more applicable if the dimensions
of the EPN are high.

We want to maximize the amount of work done by the consumers per unit time in the EPN (34), or equivalently: given
{Λg |∀g ∈ G}, {µ̄c1 |∀c1 ∈ C1 }, {µc2 |∀c2 ∈ C2 }, {γs |∀s ∈ S}
and {Γs |∀s ∈ S},
maximize K =

C1
X

(µ̄c1 q̄c1 ) +

c1 =1

C2
X

(µc2 qc2 ),

(36)

c2 =1

by using {p̂g,s |∀g ∈ G; ∀s ∈ S}, {p̃g,c2 |∀g ∈ G; ∀c2 ∈
C2 }, {p̄s,c1 |∀s ∈ S; ∀c1 ∈ C1 }, {r̄c1 ,s |∀c1 ∈ C1 ; ∀s ∈ S},
{φ̄s,c1 |∀s ∈ S; ∀c1 ∈ C1 }, {ps,c2 |∀s ∈ S; ∀c2 ∈ C2 },
{rc2 ,s |∀c2 ∈ C2 ; ∀s ∈ S} and {φs,c2 |∀s ∈ S; ∀c2 ∈ C2 } with
constraints p̂g,s , p̃g,c2 , p̄s,c1 , r̄c1 ,s , φ̄s,c1 , ps,c2 , rc2 ,s , φs,c2 ≥ 0,
PS
PC2
PC1
PC2
c1 =1 p̄s,c1 +
c2 =1 ps,c2 ) ≤ 1,
c2 =1 p̃g,c2 +
s=1 p̂g,s = 1,
PS
PS
r̄
≤
1,
r
≤
1
and
inequality
(35).
s=1 c1 ,s
s=1 c2 ,s

3.18. Optimal solutions
P
In the first case, the energy is so limited that G
g=1 Λg ≤
PC2
c2 =1 µc2 = H2 . In view of the analysis in Subsection 3.7.1,
P
∗
K = G
g=1 Λg is the optimal result for the maximization
3.17. A disconnection-included system that provides energy problem (23),
where the optimal solution is p̂g,s = 0 and
on demand
p̃g,c2 = µc2 /H2 , ∀g ∈ G, s ∈ S, c2 ∈ C2 . In addition, p̄s,c1 ,
ps,c2 , r̄c1 ,s and rc2 ,s ∀g ∈ G, s ∈ S, c1 ∈ C1 , c2 ∈ C2 can be
PC
any non-negative value satisfying c=1 (p̄s,c1 + ps,c2 ) ≤
PS
PS
Suppose C1 consumers in an EPN that provides energy 1, s=1 r̄c1 ,s ≤ 1 and s=1 rc2 ,s ≤ 1.
on demand are disconnected from the generators, where 0 < PIn the second
PC2 case, the energy is sufficient such that
G
Λ
>
C1 < C. Let C2 = C − C1 . This EPN can be described by
g=1 g
c2 =1 µc2 = H2 . However, it can be complicate
20

Table 6: K ∗ and the best K found by using different algorithms for energy distribution of the EPN (29) with different G, S and C

(G, S, C)
(2, 2, 2)
(10, 5, 16)
(10, 10, 30)
(20, 10, 60)
(100, 100, 300)

K∗
0.1500
6.1525
4.6191
11.1612
52.7882

Optimal
0.1500
6.1525
4.6191
11.1612
52.7882

Random
0.1495
5.8955
4.0355
10.4624
N/A

to deduce the analytical optimal solution and result. Thus,
it may be more practical to handle this case by designing
optimization algorithms.

CPSO-S
0.1500
6.1525
4.6171
11.1599
N/A

LNNLS
0.1420
6.1505
4.6178
11.1594
52.7756

MLNNLS
0.1486
6.1515
4.6191
11.1612
52.7882

3.20. A heuristic algorithm: MLNNLS-W

3.19. Cooperative particle swarm optimizer
Although the CPSO-S algorithm can be quite timeconsuming, it performs well in solving the problems (23) and
(30). Thus, we apply the CPSO-S algorithm to solving the
problem (36).
First, let us define P̃ ∈ R(3SC+GC2 +GS)×1 as a vector that
consists of p̂g,s , p̃g,c2 , p̄s,c1 , r̄c1 ,s , φ̄s,c1 , ps,c2 , rc2 ,s and φs,c2 ,
where

Hoping to find acceptable solutions for problem (36), a
heuristic algorithm named as MLNNLS-W is designed in this
subsection following the procedure in Subsection 3.15. Note
that the design procedure is brief to avoid repetition.
First, let us define P 1 , P 2 , P 3 ∈ R(SC+GC2 +GS)×1 as vectors that consist of p̂g,s , p̃g,c2 , p̄s,c1 , r̄c1 ,s , φ̄s,c1 , ps,c2 , rc2 ,s
and φs,c2 , where

P̃ (hs,c1 ) = p̄s,c1 , P̃ (hs,c2 ) = ps,c2 , P̃ (h̃g,c2 ) = p̃g,c2 ,
P̃ (ĥg,s ) = p̂g,s , P̃ (h̄c1 ,s ) = r̄c1 ,s , P̃ (h̄c2 ,s ) = rc2 ,s ,
¯ ) = φ̄ , P̃ (h̄
¯ )=φ ,
P̃ (h̄
s,c1

s,c1

s,c2

P 1 (hs,c1 ) = p̄s,c1 , P 1 (hs,c2 ) = ps,c2 , P 2 (hs,c1 ) = r̄c1 ,s ,
P 2 (hs,c2 ) = rc2 ,s , P 3 (hs,c1 ) = φ̄s,c1 , P 3 (hs,c2 ) = φs,c2 ,

s,c2

with ∀s ∈ S, c1 ∈ C1 , c2 ∈ C2 , g ∈ G, hs,c1 = (s − 1)C1 + c1 ,
hs,c2 = SC1 + (s − 1)C2 + c2 ,, h̃g,c2 = SC + (g − 1)C2 + c2 ,
ĥg,s = SC + GC2 + (g − 1)S + s, h̄c1 ,s = SC + GC2 + GS +
(s− 1)C1 + c1 , h̄c2 ,s = SC + GC2 + GS + SC1 + (s− 1)C2 + c2 ,
¯
¯
h̄
s,c1 = 2SC + GC2 + GS + (s − 1)C1 + c1 and h̄s,c2 = 2SC +
GC2 + GS + SC1 + (s − 1)C2 + c2 .
Let M = 3SC + GC2 + GS and N respectively denote the
number of swarms and the number of particles in each swarm,
where N is selected by the algorithm user. Let P̃ n (m) and
P̃¯ n (m) with ∀m ∈ M, n ∈ N respectively denote the current
state and best state of the nth particle in the mth swarm.
(best)
Let P̃
denote the best P̃ found so far. Assume that
κn ∼ U (0, 1) and κ̂n ∼ U (0, 1) with ∀n ∈ N are uniform
random sequences in the range (0, 1), which will be updated
after each iteration, then, the state-update formula can be
(l+1)

P̃ n

(l+1)

(m) = P̃ n

(l+1)
(m) + vn,m
,

P 1 (h̃g,c2 ) = P2 (h̃g,c2 ) = P3 (h̃g,c2 ) = p̃g,c2 ,
P 1 (ĥg,s ) = P2 (ĥg,s ) = P3 (ĥg,s ) = p̂g,s ,
with ∀s ∈ S, c1 ∈ C1 , c2 ∈ C2 , g ∈ G, hs,c1 = (s − 1)C1 + c1 ,
hs,c2 = SC1 + (s − 1)C2 + c2 ,, h̃g,c2 = SC + (g − 1)C2 + c2 ,
ĥg,s = SC + GC2 + (g − 1)S + s.
Then, the following three non-negative least-square problems are presented based on the system of equations (34):

minimize f 1 (P 1 ) = minimize

1
kA P − b1 k22 ,
2 1 1

minimize f 2 (P 2 ) = minimize

1
kA P − b2 k22 ,
2 2 2

(37)

where
(l)
¯ (l)
(l+1)
(l)
vn,m
=ωvn,m
+ 2κ(l)
n (P̃ n (m) − P̃ n (m))

+ 2κ̄(l)
n (P̃

(best)

(l)

(m) − P̃ n (m)),

1
minimize f 3 (P 3 ) = minimize kA3 P 3 − b3 k22 ,
2
ω is called the inertia weight and setup to vary from 1 to near
0 during the search process, l denotes the current number of
iterations. The CPSO-S algorithm for solving problem (36)
is similar to the one in [105] and thus omitted here.
where matrix A1 , A2 , A3 ∈ R(S+C)×(SC+GC2 +GS) and vector
21

b1 , b2 , b3 ∈ R(S+C)×1 are defined as

3.21. Numerical results
In the numerical experiments of this subsection, µ̄c1 =
1 + 9(c1 − 1)/(C1 − 1), ∀c1 ∈ C1 , µc2 = 1 + 9(c2 − 1)/(C2 −
1), ∀c2 ∈ C2 , C1 > 1, C2 > 1. In addition, γs and Γs with
∀s ∈ S are randomly generated in the ranges of [0, 0.5] and
[5, 10], respectively.

A1 (ĥs , hs,c1 ) = q̂s q̄c1 µ̄c1 r̄c1 ,s φ̄s,c1 ,
A1 (ĥs , hs,c2 ) = q̂s qc2 µc2 rc2 ,s φs,c2 ,
A2 (ĥs , hs,c1 ) = q̂s q̄c1 µ̄c1 φ̄s,c1 p̄s,c1 ,
A2 (ĥs , hs,c2 ) = q̂s qc2 µc2 φs,c2 ps,c2 ,
A3 (ĥs , hs,c1 ) = q̂s q̄c1 µ̄c1 r̄c1 ,s p̄s,c1 ,

3.21.1. The energy is limited
PC2
P
In this case, G
g=1 Λg ≤
c2 =1 µc2 = H2 and Λg , ∀g ∈ G
is randomly generated in the range of [0, H2 /G].
Table 7 summaries the results by using the optimal solutions in Subsection 3.18, the randomly-generated solutions
(20000 trials), the CPSO algorithm (L = 50, N = 3) and the
heuristic MLNNLS-W (L1 = L2 = L3 = 5, Z1 = Z2 = Z3 =
2, X = 4 and 20 trials) to solve problem (36).

A3 (ĥs , hs,c2 ) = q̂s qc2 µc2 rc2 ,s ps,c2 ,
A1 (ĥs , ĥg,s ) = A2 (ĥs , ĥg,s ) = A3 (ĥs , ĥg,s ) = −Λg ,
A1 (ĥs , otherwise) = A2 (ĥs , otherwise),
= A3 (ĥs , otherwise) = 0,
A1 (h̄c1 , hs,c1 ) = q̂s q̄c1 µ̄c1 r̄c1 ,s φ̄s,c1 ,
A1 (hc2 , hs,c2 ) = q̂s qc2 µc2 rc2 ,s φs,c2 ,
A2 (h̄c1 , hs,c1 ) = q̂s q̄c1 µ̄c1 φ̄s,c1 p̄s,c1 ,

3.21.2. The energy is sufficient
PG
In this case,
g=1 Λg > H2 , ∀s ∈ S and Λg , ∀g ∈ G is
randomly generated in the range of [H2 /G, H2 /G + S(H1 +
PC
H2 )/G], where H1 = c11=1 µ̄c1 .
Table 8 summaries the results by using the optimal solutions in Subsection 3.7.2, the randomly-generated solutions
(20000 trials), the CPSO algorithm (L = 50, N = 3) and the
heuristic MLNNLS-W (L1 = L2 = L3 = 5, Z1 = Z2 = Z3 =
2, X = 4 and 20 trials) to solve problem (36).

A2 (hc2 , hs,c2 ) = q̂s qc2 µc2 φs,c2 ps,c2 ,
A3 (h̄c1 , hs,c1 ) = q̂s q̄c1 µ̄c1 r̄c1 ,s p̄s,c1 ,
A3 (hc2 , hs,c2 ) = q̂s qc2 µc2 rc2 ,s ps,c2 ,
A1 (hc2 , h̃g,c2 ) = A2 (hc2 , h̃g,c2 ) = A3 (hc2 , h̃g,c2 ) = Λg ,
A1 (h̄c1 , otherwise) = A2 (h̄c1 , otherwise),
= A3 (h̄c1 , otherwise) = 0,
A1 (hc2 , otherwise) = A2 (hc2 , otherwise),
= A3 (hc2 , otherwise) = 0,

4. Research Plan for the PhD

b1 (ĥs ) = b2 (ĥs ) = b3 (ĥs ) = −q̂s γs ,
b1 (h̄c1 ) = b2 (h̄c1 ) = b3 (h̄c1 ) = q̄c1 µ̄c1 ,
b1 (hc2 ) = b2 (hc2 ) = b3 (hc2 ) = qc2 µc2 ,
with ∀s ∈ S, c1 ∈ C1 , c2 ∈ C2 , g ∈ G, ĥs = s, h̄c1 = S + c1 ,
hc2 = S + C1 + c2 , hs,c1 = (s − 1)C1 + c1 , hs,c2 = SC1 (s −
1)C2 + c2 , h̃g,c2 = SC + (g − 1)C2 + c2 and ĥg,s = SC +
GC2 + (g − 1)S + s.
Then, the update formulas of P 1 , P 2 and P 3 can be
(l+1)

= P 1 − η∇f (P 1 ),

(l+1)

= P 2 − η∇f (P 2 ),

P1
P2

(l+1)
P3

(l)

(l)

(l)

(l)

(l)
P3

What should be done in the following two years concerns
two main objectives: EPN for the smart grid and RNN for
data analysis. The following two paragraphs list the subobjectives/millstones needed to be achieved, where the fist
paragraph is for the EPN for the smart grid while the second one is for the RNN for data analysis. For better illustration, Table 9 is the rough schedule of the research plan
from 06/2015 to 10/2017. Note that the schedule is needed
to be modified in the future according to the actual research
process.
4.1. EPN for Smart Grid

(l)
η∇f (P 3 ),

First, the heuristic algorithms developed in this ESA report
have the advantage of fast speed. But the disadvantage
(l)
(l)
(l)
T
where ∇f 1 (P 1 ) = AT
1 (A1 P 1 ) − A1 b1 , ∇f 2 (P 2 ) = is that the algorithms are not flexible enough and the solu(l)
(l)
(l)
T
T
T
AT
2 (A2 P 2 ) − A2 b2 , ∇f 3 (P 3 ) = A3 (A3 P 3 ) − A3 b3 , l de- tions found may not be near the optimal solutions. It means
notes the current number of iterations and η > 0 is the step that improvements are needed for them. The strategy for
size. In each iteration, q̄c1 and qc2 are substituted with 1 the improvements may be to use the gradient-descent/backwhile q̂s are substituted with given parameters ys which are propagation (BP) algorithms to fine tune the solutions found
adjusted in the algorithm. After each iteration, we make by the heuristic algorithms, where the BP-based fine-tuning
P 1 , P 2 and P 3 satisfy the corresponding constraints with operation is frequently used and proven to be effective in
neural-network training [114].
minimal adjustments.
Finally, the heuristic MLNNLS-W for solving the problem
Second, models of the EPN need to take more parameters
(36) can be designed by using the update formulas of P 1 , P 2 in the real-world electrical energy network into consideration
and P 3 . Note that the procedure of the heuristic MLNNLS- such as the energy transit nodes/units and nodes/units with
W is similar to Algorithm 5 and thus omitted.
limited capacity. Section 1.2 has listed several related points
=

−
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Table 7: K ∗ and the best K found by using different algorithms for energy distribution of the EPN (34) with different G, S, C1 and C2 when
the energy is limited

(G, S, C1 , C2 )
(2, 2, 2, 2)
(10, 5, 8, 8)
(10, 10, 15, 15)
(20, 10, 30, 30)
(100, 10, 150, 150)

K∗
8.3565
19.2945
44.9075
78.0313
372.5017

Optimal
8.3565
19.2945
44.9075
78.0313
372.5017

Random
8.5301
18.4816
41.6961
71.936
N/A

CPSO-S
8.3544
19.2945
44.9031
78.0201
N/A

MLNNLS
8.3565
19.2945
44.9075
78.0313
372.5017

Table 8: K ∗ and the best K found by using different algorithms for energy distribution of the EPN (34) with different G, S, C1 and C2 when
the energy is more sufficient

(G, S, C1 , C2 )
(2, 2, 2, 2)
(10, 5, 8, 8)
(10, 10, 15, 15)
(20, 10, 30, 30)
(100, 10, 150, 150)

K∗
N/A
N/A
N/A
N/A
N/A

Optimal
N/A
N/A
N/A
N/A
N/A

about further work to be done on the EPN models. For example, the links (usually cables) connecting energy generation, storage and consumption centers should be regarded as
nodes in the EPN models so as to describe the transit delay
of energy or other effects caused during the transit process.
In addition, further work can also be done to generalize the
arrival manners of energy packets and other types of regular
customers in the EPN models, which are Poisson arrivals in
the original models.
Third, with enough mathematical analysis and numerical
verifications conducted, a simulation platform for the EPN
model equipped with the developed online optimization algorithms is needed to be built such that virtual experiments
can be conducted and the EPN model and algorithms can be
improved accordingly. Note that this may be the crucial step
to the final practical application for the EPN model. Fourth,
a physical platform based on the EPN model is hoped to be
built subject to the laboratory equipments such that physical
experiments can be conducted.
4.2. RNN for data analysis
First, based on [54] and [113], a neural-network model
namely the fast training and testing neural network (FNN) whose advantages are fast training speed, low computational complexity and good prediction capability, is meant
to be developed and tested on different tasks. The theoretical basis of the FNN comes from the research on the feedforward polynomial-based neural networks (PNN) [6, 31–
35, 54] whose activation functions are constructed based on
the product form of multiple polynomials. In addition, the
efficacy of the PNN for multi-variable function approximation and pattern classification has been verified via numerous numerical experiments [6, 31–35, 54], meaning that the
FNN should also achieve acceptable (or even excellent) performance in the related tasks. Developing efficient training
23

Random
22.0000
54.9998
82.5035
165.0000
N/A

CPSO-S
11.0000
44.0000
82.5000
165.0000
N/A

MLNNLS
21.0000
70.1429
132.2978
193.7587
825.0000

methods and structure selection methods for the FNN is also required. About the structure selection methods, the strategy is to follow the developed methods in [6, 31–35, 54],
e.g., the pruning algorithm in [32] and the cross-validation
algorithm in [54]. The training methods for the FNN can be
developed in three main approaches. The first approach is to
simplify the structure of the FNN by setting the connecting
weights between the input and hidden layer to zero, making
the connecting weights between the hidden and output layers the only parameters to be adjusted. Then, the training
of the FNN can be formulated into a standard least-square
problem that can be directly solved by the formal pseudoinverse method [4–6, 31–34, 53, 54] as well as its variations [4]
based on the size of training datasets. The second approach
is to derive the gradient descent for the adjustable weights,
which can include all connecting weights and biases in the
FNN, and develop gradient-descent based training algorithms, e.g., the pure gradient-descent algorithm and its combinations with the Levenberg-Marquardt optimization procedure
[39], quasi-Newton methods [38] and the RPROP learning algorithm [41]. The third approach is to apply computational
methods that do not require the gradient information, such
as the particle swarm optimization [42, 105, 108, 109] and
the genetic algorithms [115].
Second, this FNN is meant to be mapped to the brain-like
RNN, making this FNN suitable for highly parallel computation. It is worth pointing out the mapping is feasible since
the work of Gelenbe in [113] has built the main theoretical
basis.
Third, to fully utilize the advantage of highly parallel computation, it is needed to implement the RNN in different
ways. One way is to utilize the parallel computation of the
chip multiprocessor (CMP) and Graphics Processing Unit
(GPU) to implement the RNN, which has high feasibility
due to the rapid development of the CMP and GPU and

the improvement of the parallel computation supported languages e.g., the widely-used MATLAB language [14–16] and
the domain-specific language for machine learning (OptiML)
[16]. The second way is to simulate the spiking behaviors of
neurons in the RNN. The feasibility of this way is still unknown. The third way is to implement the RNN model in
hardware using special-purpose digital or analog components
[10]. Via specially designed hardware, the high parallelism
of the RNN model can be fully utilized and the speed in
applying the RNN would achieve a large increase.
Fourth, a deep neural network (DNN) that has a deep
structure (multi layers) is meant to be proposed for handling
Big Data that is extremely large and with extremely-high
dimension. The construction of the DNN may be done following the similar manner of the multilayer perceptron and
the extension of the ELM for handling Big Data [5]. This
DNN is also needed to be mapped to the brain-like RNN,
which can also be done based on the work of Gelenbe in
[113].
Fifth, based on the research work on implementing the
RNN, it is needed to investigate the best choice to implement the RNN mappings of the FNN and DNN such that
the best performance (related to the speed, robustness and
energy efficiency) of the FNN and DNN can be achieved. In
the author’s understanding, the hardware implementation of
the FNN and DNN may be the best choice to fully utilize the
property of highly parallel computation of the RNN mappings, which, however, may also be the most difficult way
among three above mentioned ways to implement the RNN.

Further, equations (40) and (41) become
∇(h+
i,j ) =

−

∇(h+
i,j ) =

Combining (42) and (43) yields equation (9). Note that equation (10) can be obtained via a similar derivation.
The following shows how to obtain (11) from (39). Evidently, G = AW and therefore the G(hi,c ) should be the
summation of 4N − 2 terms. Then, equation (39) becomes
G(hi,c ) =

α=1(α6=i)

+

C
X
c=1

and

∇(h+
i,j ) =

=

C
X
c=1

− b(hi,c )))

N
X

β=1(β6=i)

(44)



−
−
A(hi,c , hβ,i )w(hβ,i )

−
+ A(hi,c , h−
i,i )w(hi,i ).

(39)

Substituting (5) into (44) yields
G(hi,c )
N
X

α=1(α6=i)

(40)
+

+



(A(hi,c , h+
i,j )(G(hi,c ) − b(hi,c ))), ∀i = j. (41)
24




qi,c
+
w(hi,α ) +
1 − di


qi,c
− qi,c w(h+
i,i ) +
1 − di
N
X

β=1(β6=i)

c=1



+
+
A(hi,c , hβ,i )w(hβ,i )

α=1(α6=i)

+

(A(hj,c , h+
i,j )(G(hj,c ) − b(hi,c ))), ∀i 6= j,

C
X

N
X

+
+ A(hi,c , h+
i,i )w(hi,i )


N
X
−
−
+
A(hi,c , hi,α )w(hi,α )

=
(A(hi,c , h+
i,j )(G(hi,c )



+
+
A(hi,c , hi,α )w(hi,α )

β=1(β6=i)

We substitute (5) into (38) and wipe off the terms that
equal zero. Then, we have
∇(h+
i,j )

N
X

+


−
−
+ A(hi,c , hα,β )w(hα,β ) .

(42)

(43)

where

α=1 β=1

(qi,c (G(hj,c ) − b(hi,c ))),



C 
X
qi,c
− yi,c (G(hi,c ) − b(hi,c )) , ∀i = j.
1 − di
c=1



A(hn,c , h+
)
G(h
)
−
b(h
)
, (38)
i,c
n,c
i,j

N X
N 
X
+
G(hi,c ) =
A(hi,c , h+
α,β )w(hα,β )

c=1

and

N X
C 
X

n=1 c=1

C
X

C 
X
qi,c
(G(hi,c ) − b(hi,c ))
=
1
− di
c=1

− qi,c (G(hj,c ) − b(hi,c )) , ∀i 6= j,

Appendix. Derivation of (9) through (11)
From (7), we have
∇(h+
i,j ) =


C 
X
qi,c
(G(hi,c ) − b(hi,c ))
1 − di
c=1



N
X

β=1(β6=i)

N
X

α=1(α6=i)





−



qβ,c w(h+
β,i )


qi,c
w(h−
)
i,α
1 − di

 

qi,c
−
2
qβ,c yi,c w(h−
)
+
+
q
i,c w(hi,i ).
β,i
1 − di

Collecting the terms in (45) yields equation (11).

(45)

Table 9: Research Plan for the PhD from 06/2015 to 10/2017

Date: MM/YY
Online optimization
algorithms
More realistic
EPN model
EPN simulation
platform
Virtual experiment and
improvement for EPN
Physical platform
for EPN
Fast neural network (FNN)
FNN Mapping to RNN
Deep neural network (DNN)
DNN Mapping to RNN
Parallel implement
of RNN
Hardware scheme for
RNN mappings of
FNN and DNN

06/15
√

√

09/15
√

12/15
√

03/16

06/16

√

√

√

√

√

√

√
√

√
√

√

√

√
√

√
√
√

√
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